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Abstract: The derivation of Lifshitz-invariant hydrodynamics from holography,
presented in [1] is generalized to arbitrary hyperscaling violating Lifshitz scaling
theories with an unbroken U(1) symmetry. The hydrodynamics emerging is non-
relativistic with scalar “forcing”. By a redefinition of the pressure it becomes stan-
dard non-relativistic hydrodynamics in the presence of a chemical potential for the
mass current. The hydrodynamics is compatible with the scaling theory of Lifshitz
invariance with hyperscaling violation. The bulk viscosity vanishes while the shear
viscosity to entropy ratio is the same as in the relativistic case. We also consider the
dimensional reduction ansatz for the hydrodynamics and clarify the difference with
previous results suggesting a non-vanishing bulk viscosity.
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1. Introduction, results and outlook
Holography [2, 3, 4, 5] is a correspondence between quantum field theory and grav-
ity. It provides a powerful tool to analyze strong-coupling theories by using the dual
gravity description. At finite temperature and in the long-wavelength regime, holog-
raphy provides a correspondence between fluids and black holes. This fluid/gravity
correspondence was first studied in the AdS/CFT correspondence by [6, 7, 8, 9] in
the linearized approximation and in [10] by studying the fluctuations of the bulk
black-hole horizon.
Holography has also been applied to geometries with Lifshitz or Schro¨dinger
symmetry mainly for application to condensed matter systems [12, 13, 14, 15, 16,
17, 18, 19]1. Many condensed matter systems have non-relativistic scale invariance
[21, 22, 23, 24, 25, 26], and some of them have Lifshitz or Schro¨dinger symmetry
[27, 28, 29]. Moreover, the hydrodynamics of charge and energy in such systems may
be interesting as has been argued recently for the case of cold fermions at unitarity,
[35], other strongly correlated systems, [36] and graphene, [37]. Recent experiments
in various materials that are strongly coupled as well as graphene have indicated
that the hydrodynamics of electrons is observable and it exhibits non-trivial shear
viscosity, [38, 39, 40, 41, 42, 43].
The fluid/gravity correspondences in Schro¨dinger spacetimes has been studied
in [30, 31, 32], where the dual description for non-relativistic fluid mechanics was
given. A proposal for hydrodynamics in Lifshitz invariant theories was considered in
[33, 34] from the effective field theory point of view.
In [17, 18, 19], all quantum critical holographic scaling geometries with a U(1)
symmetry respecting translation invariance and spatial rotation invariance were clas-
sified in terms of three scaling exponents. Two of them (z, θ) appear in the metric
while another exponent, which is referred to as ζ in [17, 18, 19], appears in the
profile of the U(1) gauge field.2 The exponent z is the Lifshitz (dynamical) scaling
exponent, and θ is the hyperscaling violation exponent, [18, 47]. Even though such
theories have been studied intensively, many of their aspects are still unclear. In
particular, hydrodynamics with Lifshitz scaling symmetry is not fully understood.
In non-relativist quantum field theories, the geometry that captures the sym-
metry and dynamics is the Newton Cartan geometry, [48]. For Lifshitz space-times,
the dual field theory is non-relativistic and the source terms at the boundary are
related to the torsional Newton-Cartan theory [49, 50, 51, 52, 53, 54]. In partic-
ular, the role of torsional Newton-Cartan geometry in the boundary structure of
1For a recent review see [20].
2This charge exponent controls the anomalous scaling of the charge density, even if it is conserved.
It has also been introduced independently in [44] and was studied in more detail in [45] and [46]).
The reason for the existence of anomalous charge exponent despite conservation is the RG running
of the bulk coupling for charged degrees of freedom.
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bulk non-relativistic solutions as well as on the boundary symmetries was investi-
gated in [52, 53, 54]. Alternatively the boundary structure can be analyzed using
the Hamilton-Jacobi method, [55, 56].
In [1], the correspondence between fluids in the torsional Newton-Cartan theory
and black holes in Lifshitz space-times has been analyzed. Lifshitz space-times with
unbroken U(1) gauge symmetry were considered, that were solutions of the Einstein-
Maxwell-dilaton (EMD) theories with constant potential. Although the geometry
has Lifshitz scaling symmetry with dynamical exponent z, there was a non-trivial
gauge field in the bulk that introduced non-trivial scaling exponents in the charged
sector. The black-hole solution of that theory was considered, boosted using Galilean
boosts and then all parameters of the solution including the velocities, were made ~x-
dependent. Using the technique introduced in [10], the bulk equations of motion were
solved order by order in boundary derivatives and the (fluid) stress-energy tensor was
computed and renormalized. The results found were as follows:
• The stress-energy tensor was expressed in terms of the fluid variables: velocity
field vi, energy density E and pressure P , but it also contained the (particle
number) density n and external source Ai associated to the U(1) symmetry
current. It satisfied the scaling condition for Lifshitz invariant theories
zE = (d− 1)P .
• It was found that the stress tensor satisfied the conservation equations of the
Newton-Cartan theory.
• The role of the (unbroken) U(1) symmetry in this class of theories is impor-
tant. It was found that it behaves very closely to the U(1) mass conservation
symmetry in non-relativistic hydrodynamics.
• The fluid equations found were non-relativistic in contrast to the relativistic
fluid analysis in [33, 34]. Even though the continuity equation and energy con-
servation equation agree with those in the ordinary non-relativistic fluids, the
Navier-Stokes equation was different from that in the ordinary non-relativistic
fluids.
• By redefining variables and allowing a (Milne-invariant) Newton potential in
the sources, [52]-[54] the fluid equations can be mapped to the standard non-
relativistic fluid equations coupled to the torsional Newton-Cartan geometry
in the presence of a Newtonian potential.
• It was found that the form of the fluid equations is independent of the Lifshitz
exponent z as well as of the (non-trivial) conduction exponent. It is only the
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constitutive relations (equation of state) that depend on these scaling expo-
nents.
• The entropy satisfies the local thermodynamic relation with the energy density
and pressure. The divergence of the entropy current is non-negative, compatible
with the second law.
The hydrodynamics analysis of [1] was generalized beyond the hydrodynamic
limit in [57] using numerical techniques.
In this paper, we generalize the studies in [1] to those with hyperscaling-violation
in the associated holographic geometries. In [1], we have considered only the θ = 0
cases in which hyperscaling-violation comes only from the gauge field. Here, we
introduce a non-trivial coupling between the dilaton and cosmological constant in
order to consider θ 6= 0. Fluids now, have hyperscaling-violation. We find the
following results:
• As in [1], the fluid equations and the stress-energy tensor reproduce those in
the Newton-Cartan theory if the holographic gauge field is identified to that
that enters the Newton-Cartan theory.
• The fluid equations are similar to those in [1] but for additional external forcing
terms which come from the coupling to the dilaton and its external source term.
Note however that in the Lifshitz case with θ = 0, although the dilaton was
non-trivial, no such terms appeared in the hydrodynamics. Their appearance
is therefore tied to hyperscaling violation in the bulk geometry.
• With a judicious choice of the pressure, these forcing terms can be redefined
away. The hydrodynamic equations are now equivalent to the non-relativistic
hydrodynamics equations with a conserved mass current, but with an additional
chemical potential for the mass current, that is given in (5.8). This chemical
potential is not related to external sources like the Newtonian potential but is
directly related to the fact that the theory violates hyperscaling.
• The bulk viscosity is zero even in the presence of hyperscaling-violation.
• The hydrodynamic equations respect the full scaling symmetry of Lifshitz in-
variance with hyperscaling violation as detailed in appendix D.
The Lifshitz space-time with hyperscaling-violation can be also obtained by di-
mensional reduction from higher-dimensional Lifshitz space-times without hyper-
scaling violation, [18]. In this case, the model has two dilatons. We derive also the
associated hydrodynamics from the black holes. We find the following:
• The bulk viscosity is non-zero if we consider the naive dimensional reduction,
i.e., with trivial background in the extra dimensions and fixed volume.
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• When the internal metric on the extra dimensions, or equivalently, the vol-
ume of the extra dimensions satisfies a specific relation to the U(1) charge,
the bulk viscosity becomes zero. This reduction gives the lower dimensional
hydrodynamics we derived earlier.
• We also present the hydrodynamic ansatz which describes a Lifshitz-invariant
fluid with hyperscaling violation on a non-trivial (conformally-flat ) boundary
metric. The hydrodynamic equations in such a metric turn out to be simpler
than on flat space.
The hydrodynamic equations we derive are general and are given by (5.52)-
(5.54) and supplemented by (5.56), with independent variables the temperature T ,
the (mass) charge density n and velocities vi. All other variables like the energy
E , the pressure P and the chemical potential as well as the transport coefficients
are determined in terms of T, n by constitutive relations that are dynamics/theory
specific.3 Finally there is the Lifshitz invariance Ward identity, namely (5.55).
The z, θ dependence does not appear explicitly in the hydrodynamic equations.
To leading order, it appears only through the constituent relations that express the
energy, pressure and (mass) chemical potential as functions of temperature and mass
density. To next order the transport coefficients may also depend on z and θ. For
this reason we expect that although the hydrodynamic equations we derived strictly
apply to the duals of EMD theories we considered, their validity is universal.
This analysis completes the derivation of fluid dynamics for non-relativistic scale-
invariant and U(1)-invariant theories with Lifshitz scaling and a violation of hyper-
scaling. Remains open the case of such theories without a U(1) symmetry (ie. a
broken U(1) symmetry). The case of a perfect fluid was studied recently in [58].
It is highly probable that the hydrodynamics in this case will turn out to be non-
relativistic hydrodynamics in the absence of a conserved “mass” current.
A further interesting question concerns the appropriate hydrodynamics for QFTs
that are described by RG flows that interpolate between relativistic and non-relativistic
theories. To motivate the answer to this question, we consider first non-Lorentz in-
variant (but rotationally invariant) flows between Lorentz invariant fixed points,4
[60, 61], but where the velocity of light in the IR is different for that in the UV. In
such a case, the hydrodynamics of this theory, is quasi-relativistic, but with a speed
of light that is temperature dependent. This context resembles more the proposal of
[33, 34].
3Here, n plays the role of the density of the non-relativistic fluid. We use this (and not the
associated chemical potential) as a fluid variable because of the important role it plays in the
realization of the non-relativistic momenta. It is the same reason that the mass density is usually
used in non-relativistic fluid mechanics.
4The fact that the speed off light can vary on branes was pointed out first in [59].
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The example above suggests that in a (Lorentz-violating) RG flow from a CFT
(with a un unbroken U(1) symmetry that is used to drive the breaking of Lorentz
invariance) to an IR non-relativistic scaling (rotational invariant) geometry at an
arbitrary temperature, the hydrodynamics will be again of the relativistic form (but
with general equation of state) and with a speed of light c(T ) that is again tem-
perature dependent. In the IR, c(T → 0) = ∞ and the hydrodynamics reduces to
the one found here with the U(1) symmetry becoming the mass-related symmetry.
This is the standard non-relativistic limit of the relativistic hydrodynamics while all
thermodynamic functions and transport coefficients are smooth functions of T (if no
phase transition exists at finite T ). Otherwise they follow the standard behavior at
phase transitions.
More general breaking of Lorentz invariance during RG flow must involve higher
form fields of tensors in the bulk, and the details of the RG flow become complicated.
It is plausible that a RG-covariant definition of velocities and other state functions
is necessary in order to define hydrodynamics globally in the full energy landscape.5
This paper is organized as follows. In Section 2, we introduce the model and its
Lifshitz solution with hyperscaling-violation. In Section 3, we introduce the hydrody-
namic ansatz. We consider the derivative expansion and solve the equations of motion
to first order. We calculate the stress-energy tensor in Section 4, and discuss the re-
lation to non-relativistic fluids in Section 5. In Section 6, we consider the relation
to the dimensional reduction from higher-dimensional Lifshitz space-times without
hyperscaling-violation. In Section 7, we show that a simpler hydrodynamic ansatz
gives a fluid moving in a non-trivial but conformally flat metric. In Appendix B, we
review the Newton-Cartan theory and its application to fluids. In Appendix D, we
discuss the scaling dimensions of the fluid variables and other relevant coefficients.
2. Hyperscaling-violating solutions and black holes
We consider a holographic model with Lifshitz scaling symmetry and hyperscaling-
violation. The gravity dual is (d + 1)-dimensional Einstein gravity with a Maxwell
field Aµ and a dilaton φ. The action is given by
S =
1
16πG
∫
dd+1x
√−g
(
R− 2Λe−νφ − 1
2
(∂φ)2 − 1
4
eλφF 2
)
, (2.1)
where F = dA is the field strength of the gauge field, Λ is a negative cosmological
constant with a coupling to dilaton, and λ and ν are dimensionless coupling constants.
5A proposal was put forward in [62] but we think the appropriate setup is a bit different.
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The equations of motion are given by
Rµν =
2Λ
d− 1e
−νφgµν +
1
2
(∂µφ)(∂νφ) +
1
4
eλφ
(
2FµρFν
ρ − 1
d− 1F
2gµν
)
(2.2)
0 = ∇µ(eλφF µν), (2.3)
✷φ =
1
4
λeλφF 2 − 2νΛe−νφ . (2.4)
This model has the Lifshitz geometry with hyperscaling-violation as a solution;
ds2 = e2χds˜2 , (2.5)
ds˜2 = −r2zdt2 + dr
2
r2
+
∑
i
r2(dxi)2, (2.6)
eχ = eχ0r−θ/(d−1) (2.7)
The solution for the gauge field and dilaton are given by
At = a
√
µ rz+d−1−θ , eλφ = eλφ0r−2d1 . (2.8)
where
d1 = (d− 1)− d− 2
d− 1θ . (2.9)
Here, the cosmological constant is related to a length scale of the solution, which we
fixed to be 1. Λ is then given by
Λ = −(z − d− 1− θ)(z + d− 2− θ)
2
. (2.10)
The exponents z, θ and constants φ0, χ0, µ are determined by the coupling constants
in the action λ, ν, and the free parameter a of the solution by the following relations;
λ2 = 2
(d− 1)d21
[(z − 1)(d− 1)− θ][(d− 1)− θ] , (2.11)
ν =
θλ
(d− 1)d1 , (2.12)
φ0 = −2
λ
(
1 +
θ
(d− 1)(d− 1− θ)
)
log a , (2.13)
χ0 = − θ
(d− 1)(d− 1− θ) log a , (2.14)
µ =
2(z − 1)
z + d− 1− θ . (2.15)
To simplify further calculations, we rescale the gauge field such that the solution
becomes
At = ar
z+d−1−θ . (2.16)
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the original action (2.1) becomes
S =
1
16πG
∫
dd+1x
√−g
(
R− 2Λe−νφ − 1
2
(∂φ)2 − µ
4
eλφF 2
)
. (2.17)
The following black hole geometry is also a solution of this theory;
ds2 = e2χds˜2 (2.18)
ds˜2 = −r2zf(r)dt2 + dr
2
f(r)r2
+
∑
i
r2(dxi)2, (2.19)
eχ = eχ0r−θ/(d−1) (2.20)
where
f = 1− r
z+d−1−θ
0
rz+d−1−θ
. (2.21)
The radius of the horizon is given by r0 and the Hawking temperature of the black
hole is
T =
z + d− 1− θ
4π
rz0 . (2.22)
The gauge field and dilaton take almost the same form as in the the zero temperature
solution
At = a(r
z+d−1−θ − rz+d−1−θ0 ), eλφ = eλφ0r−2d1 . (2.23)
but the constant mode of At is chosen such that At vanishes at the horizon for
regularity.
3. Solving the hydrodynamics ansatz
In this paper, we focus on the case of d = 4. In some parts however, we may give
results in arbitrary dimension d. Extensions to other dimensions (namely d = 3 and
d > 4) are expected to be straightforward.
We introduce the hydrodynamic ansatz, which describes the fluid mechanics on
the field theory side. For the regularity at the future horizon, we transform the
black-hole solution to Eddington-Finkelstein coordinates;
dt+ = dt+
dr
rz+1f
. (3.1)
Hereafter, we will always work in Eddington-Finkelstein coordinates and t will hence-
forth stand for the null coordinate t+. In these coordinates, the black hole solution
for the metric and gauge field are expressed as
ds2 = r2χds˜2 (3.2)
ds˜2 = −r2zfdt2 + 2rz−1dt dr + r2(dxi)2 , (3.3)
A = a
(
rz+3−θ − rz+3−θ0
)
dt− ar2−θdr , (3.4)
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where we have taken the gauge such that Ar vanishes in the original Fefferman-
Graham coordinates. Then, we perform the Galilean boost
t→ t , xi → xi − vit , (3.5)
where vi is a set of constant parameters of the Galilean boost (that we call velocity).
Note that this is a general coordinate transformation and for constant vi it provides
a new class of solutions parametrized by ~v. Moreover, we assume in this paper6 that
z 6= 1 and therefore such a coordinate transformation keeps the boundary sources7 in-
variant, as it should. It therefore provides a different state (more precisely ensemble)
of the same boundary theory.
The black hole geometry becomes
ds2 = e2χds˜2 , (3.6)
ds˜2 = −(r2zf − v2r2)dt2 + 2rz−1dtdr − 2r2vidt dxi + r2(dxi)2 , (3.7)
eχ = eχ0r−θ/3 (3.8)
and the solution for the gauge field and dilaton remains invariant;
A = a
(
rz+3−θ − rz+3−θ0
)
dt− ar2−θdr , eλφ = eλφ0r−2d1 . (3.9)
In order to describe the dynamics of the fluid, we replace the free parameters r0, v
i
and a by slowly varying functions of the boundary coordinates (~x, t). However, this
procedure generates a non-trivial background metric at the boundary since a appears
as an overall factor of the metric. In order to obtain a flat space background at the
boundary, we absorb this overall factor by introducing the additional coordinate
transformation
xµ → e−χ0xµ (3.10)
with χ0 given in (2.14), before replacing the parameters by functions. Then, the
metric becomes
ds2 = r−2θ/3
[−(r2zf − v2r2)dt2 + 2eχ0rdtdr − 2r2vidt dxi + r2(dxi)2 , ] (3.11)
and the gauge field is also rescaled as
A = a1+
θ
3(3−θ)
(
rz+3−θ − rz+3−θ0
)
dt− ar2−θdr . (3.12)
Since we have rescaled the time coordinate, the Hawking temperature is also rescaled
as
T =
z + d− 1− θ
4π
e−χ0rz0 =
z + d− 1− θ
4π
a
θ
(d−1)(d−1−θ) rz0 . (3.13)
6The hydrodynamics of z = 1 with hyperscaling violation was considered in [67] obtaining such
solutions by dimensional reduction from higher dimensional AdS geometries.
7They are defined as the most divergent parts of the metric and gauge field near the boundary.
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Now, we replace the parameters r0, v
i and a by slowly varying function of the
boundary coordinates xµ. Moreover, we promote the constant part of Ai, which is
usually gauged away to xµ-dependent functions as was also done in [1]. Then, the
metric, gauge field and dilaton become
ds2 = r−2θ/3
[−r2zfdt2 + 2eχ0(x)rdt dr + r2(dxi − vi(x)dt)2] (3.14)
f = 1− r
z+3−θ
0 (x)
rz+3−θ
, (3.15)
A = a1+
θ
3(3−θ) (x)
(
rz+3−θ − rz+3−θ0 (x)
)
dt− a(x)r2−θdr +Aµ(x)dxµ , (3.16)
eλφ = eλφ0(x)r−2d1 , (3.17)
where xµ-dependence of φ0(x) and χ0(x) comes from that of a(x). We have also intro-
duced At(x) andAi(x), that originate in the constant parts of At and Ai, respectively,
and which have been now replaced by functions of the boundary coordinates. The
relations (2.13)-(2.15) are however preserved. The above is no longer a solution of
the equations of motion, and we must introduce additional correction terms.
We consider the derivative expansion in t, ~x and calculate the first order solution
for the hydrodynamic ansatz. We first expand (3.14)-(3.17) at a point, which we can
take xµ = 0 without loss of generality. Then, we assume that the derivatives are
small since xµ dependence appears only through the slowly varying functions r0(x),
vi(x), a(x), etc., and expand with respect to the derivatives ∂µ;
gµν = g
(0)
µν + g
(1)
µν + · · · , (3.18)
Aµ = A
(0)
µ + A
(1)
µ + · · · , (3.19)
φ = φ(0) + φ(1) + · · · , (3.20)
where g
(n)
µν , etc. stands for n-th order terms in the derivative expansion. At the
leading order of the derivative expansion, the equations of motion contain only the
leading order terms g
(0)
µν , A
(0)
µ and φ(0) which are equivalent to the solutions (3.6)-(3.9)
before replacing the parameters by slowly varying functions, and hence, are satisfied.
At the next-to-leading order, only the linear order terms of the derivatives ∂µ appear,
and the equations of motion are not satisfied due to these linear order terms. Now,
we introduce the correction terms to (3.14)-(3.17) as
gµν = g
(0)
µν + g
(1)
µν + h
(1)
µν +O(∂2) , (3.21)
Aµ = A
(0)
µ + A
(1)
µ + a
(1)
µ +O(∂2) , (3.22)
φ = φ(0) + φ(1) + ϕ(1) +O(∂2) , (3.23)
where h
(n)
µν , a
(n)
µ and ϕ(n) are the correction terms at the n-th order of the derivative
expansion, which start from n = 1 since the equations of motion satisfied without
the correction terms at leading order. At the next-to-leading order, or equivalently,
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at the linear order of the derivative expansion, the equations of motion give the
inhomogeneous linear differential equations for the correction terms, h
(1)
µν , a
(1)
µ and
ϕ(1). The inhomogeneity comes from the first order terms of (3.14)-(3.17), namely,
g
(1)
µν , A
(1)
µ and φ(1).
By solving the differential equations for the correction terms, we obtain the
following first order solution of the derivative expansion;
ds2 = r−2θ/3
[
−r2zfdt2 + 2a− θ3(3−θ) rz−1dtdr + r2(dxi − vidt)2
+
2
3− θa
−
θ
3(3−θ) rz∂iv
idt2 − r2F1(r)σij(dxi − vidt)(dxj − vjdt)
+ 2 (F3(r)∂ir0 + F5(r)∂ia) dt(dx
i − vidt)
]
(3.24)
where the first line is the original solution and the the rest are the corrections terms.
σij is the shear tensor
σij =
(
∂iv
j + ∂jv
i
)− 2
3
∂kv
kδij , (3.25)
and the functions Fi(r) are given by
F1(r) = a
−
θ
3(3−θ)
∫ r
∞
dr′
r′ 3−θ − r3−θ0
r′(r′ z+3−θ − rz+3−θ0 )
, (3.26)
F2(r) =
(
2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0
) ∫ r
∞
dr′ F̂1(r
′), (3.27)
F3(r) = −2(z − 1)a−1−
θ
3(3−θ)
∫ r
∞
dr′
r′ 6−z+θ
F2(r
′) (3.28)
F4(r) =
(
2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0
) ∫ r
∞
dr′ F̂2(r
′), (3.29)
F5(r) =
∫ r
∞
dr′
r′ 6−z+θ
(
−2(z − 1)a−1− θ3(3−θ)F4(r′) + θ
3(3− θ)a
−1− θ
3(3−θ) r′ 3−θ
)
(3.30)
F̂i(r) =
r7−2θF˜i
(rz+3−θ − rz+3−θ0 )[2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0 ]2
(3.31)
F˜1(r) =
z + 3− θ
2(z − 1) a
rz−θ0
r5−θ
(
2(z − 1)(5− θ)rz+3−θr20 − z(z + 3− θ)r5−θrz0
+ (z − 5 + θ)(z − 2)rz+3−θ0
)
(3.32)
F˜2(r) = − θ
6(3− θ)(z − 1)r
−θ−5r−2θ0
(
−4(z − 1)2r2θ0 r2z+6 − r2θr2z+60 (z − 5 + θ)2
+ rθ+5(z + 3− θ)2rθ+2z+10 + 4(z − 1)(z − 5 + θ)rθ+z+30 rθ+z+3
)
.
(3.33)
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The first order solution for the gauge field is
A = a(x)
[
a
θ
3(3−θ)
(
rz+3−θ − rz+3−θ0 (x)
)− 1
3− θr
3−θ∂iv
i(x)
]
dt
− a(x)r2−θdr +Aµ(x)dxµ + (F2(r)∂ir0 + F4(r)∂ia) (dxi − vidt) , (3.34)
and the dilaton has no correction term,
eλφ = eλφ0(x)r−2d1 , (3.35)
We find that, in order for (3.24), (3.34) and (3.35) to be a solution of the equa-
tions of motion, the functions r0(x), v
i(x), a(x) and Aµ(x) must satisfy the following
constrains;
0 = ∂ta+ v
i∂ia− a∂ivi, (3.36)
0 = ∂tr0 + v
i∂ir0 +
1
3− θr0∂iv
i, (3.37)
0 = Fti + vjFji + z + 3− θ
2(z − 1) a
1+ θ
3(3−θ) rz+3−θ0
(
z
∂ir0
r0
+
θ
3(3− θ)
∂ia
a
)
(3.38)
where F = dA.
4. Calculation of the stress tensor
We will calculate now the boundary stress-energy tensor. The asymptotically Lifshitz
space-times have anisotropic behavior in temporal and spatial directions, and hence it
is convenient to introduce the vielbeins in order to consider their general asymptotic
behavior.
The metric is expressed in terms of the vielbein EA as
ds2 = −(E0)2 + δabEaEb + (Er)2 . (4.1)
For the asymptotic Lifshitz space-time in Fefferman-Graham coordinates, the viel-
bein can be expressed as [63]
Er = eχ
dr
r
, E0µ = e
χrzτµ(r, x
µ) , Eaµ = e
χreˆaµ(r, x
µ) , (4.2)
where the one forms τ(r, xµ) and eˆa(r, xµ) have a finite and non-degenerate limit near
the boundary, r → ∞, and provide the characteristic quantities of Newton Cartan
geometry. Eq. (4.2) does not however fix the r → ∞ limit of τ(r, xµ) and eˆa(r, xµ),
uniquely. For our solution (3.24), we take the vielbein EA such that τ(r, xµ) and
eˆa(r, xµ) behave in r →∞ as
τµdx
µ = dt , eˆaµdx
µ = dxa − vadt . (4.3)
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Then, the induced metric at transverse surfaces, dr = 0, is expressed for large r as
γµν = r
−2θ/3
(−r2zτµτν + r2δabeˆaµeˆbν) , (4.4)
γµν = r2θ/3
(−r−2z vˆµvˆν + r−2δabeµaeνb) , (4.5)
where vˆµ and eµa are the inverse vielbeins, which take the following form
8 as r →∞
for (3.24);
vˆµ∇µ = ∇t + vi∇i , eµa∇µ = ∇a . (4.6)
Relations (4.4) and (4.5) do not completely fix the r-dependent vielbeins τµ eˆ
a
µ
and vˆµ. For example, the one form τµ may also have subleading terms of order
O(r2−2z), which appear at the same order as the leading terms of eˆaµ. This would
change eˆaµ and vˆ
µ to leading order. This ambiguity is equivalent to a Milne boost
at the boundary. We fix this ambiguity in the sequel in order to proceed. We will
discuss the action of Milne boosts at the boundary data later.
To summarize, for our solution we take
τ = (1,~0) , vˆ = (1, ~v) , eˆaµ =
−v1 1 0 0−v2 0 1 0
−v3 0 0 1
 , eµa =

0 0 0
1 0 0
0 1 0
0 0 1
 (4.7)
that describe the asymptotic Newton Cartan geometry in what we called in [1] “the
holographic frame”.
For the gauge field with boundary Lorentz indices we define
Aˆ0 ≡ vˆµAµ = At + ~v · ~A , Aˆa ≡ eµaAµ , (4.8)
The variation of the action with respect to these boundary variables is given by
δSr =
∫
d4x
√−γ
(
−Sˆ0µδvˆµ + Sˆaµδeµa + Jˆ0δAˆ0 + JˆaδAˆa +Oφδφ
)
, (4.9)
where Sr is the renormalized action with appropriate (boundary) counter terms.
Since the volume form behaves as
√−γ ∼ rz+3−4θ/3 , (4.10)
the terms at O(r−z−3+4θ/3) in the expectation values give the regular contributions.9
8Note that our notations is somewhat different from [52]-[54]. The detailed notation and variables
used in summarized in appendix A.
9Even though Aˆ0 starts from O(rz+3−θ), the leading contribution to the effective action is Jˆ0A0
and hence, the regular term in Jˆ0 originates at the same order as the others, namely O(r−z−3+4θ/3).
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The definition above does not give the ordinary stress-energy tensor but the one
with contributions from the gauge field and current. It is related to the ordinary
Brown-York tensor as
Sˆ0ν vˆ
µ − Sˆaνeµa = T(BY)µν + JµAν + T(ct)µν (4.11)
where T µν(BY) is the Brown-York tensor which is defined in terms of the extrinsic
curvature Kµν as
T µν(BY) =
1
8πG
(γµνK −Kµν) , (4.12)
and T µν(ct) is the terms from the counter terms. By using appropriate counter terms,
the stress-energy tensor becomes finite at the boundary r →∞ and we define
T˜ µν ≡ lim
r→∞
rz+3−4θ/3
(
Sˆ0ν vˆ
µ − Sˆaνeµa
)
, (4.13)
and the current is given by
Jµ ≡ lim
r→∞
rz+3−4θ/3
(
Jˆ0vˆµ + Jˆaeµa
)
, (4.14)
As we will see later, the stress tensor in (4.13) is also different from the ordinary
stress-energy tensor on the boundary as it contains the contributions from the ex-
ternal gauge field.
Now, we calculate the renormalized stress-energy tensor from the first order
solution (3.24). In order to regularize the stress-energy tensor and other expectation
values, we introduce the following counter terms;
Sct =
1
16πG
∫
d4x
√−γ
[
−(5 + z − 2θ)e− 12νφ + z + 3− θ
2
e(λ−
1
2
ν)φγµνAµAν
]
.
(4.15)
Although the last counterterm is apparently not gauge invariant, the effective
action is still invariant under boundary gauge transformations (up to boundary terms
on the boundary). To see this, the second term in (4.15) is expanded near the
boundary as
√−γ e(λ− 12 ν)φγµνAµAν ∝ a
θ
3(3−θ) rz+3−4θ/3−a θ3(3−θ) rz+3−θ0 +
2
a
(At + viAi) · · · . (4.16)
Near the boundary, r →∞, the first term is leading and will cancel with the divergent
part in the original action. The second and third terms give finite contributions to
the effective action. The ellipsis denotes terms that are vanishing as we take the
cutoff surface to the boundary. We therefore observe that indeed the finite terms are
not gauge invariant but are linear in the gauge field.
Under the boundary gauge transformation δA = dΛ, the finite term in (4.15)
transforms as
δΛSct ∝
∫
d4x
[
∂t
Λ
a
+ ∂i
Λvi
a
]
, (4.17)
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where we used (3.36). Therefore the transformed terms are surface terms and should
vanish at infinity on the boundary. The coefficient of these terms is indeed the
conserved current (see equation (4.23)) and (4.23) can be written as
δΛSct ∝
∫
d4xJµ∂µΛ =
∫
d4x(∂µJ
µ)Λ = 0 (4.18)
Therefore if no charge is leaking to infinity on the boundary the effective action is
gauge invariant.
By using the counter terms (4.15), the renormalized stress-energy tensor is cal-
culated as
T˜ 00 =
1
8πG
(
−3− θ
2
a
θ
3(3−θ) rz+3−θ0 −
z − 1
a
viAi
)
, (4.19)
T˜ i0 =
1
8πG
[
−z + 3− θ
2
a
θ
3(3−θ) rz+3−θ0 v
i +
z − 1
a
viAt + 1
2
r3−θ0 σijv
j
+
z(z + 3− θ)
4(z − 1) r
2z−θ
0
(
∂ir0 +
θ
3(3− θ)z
r0
a
∂ia
)]
, (4.20)
T˜ 0i =
1
8πG
z − 1
a
Ai , (4.21)
T˜ ij =
1
8πG
[
z
2
a
θ
3(3−θ) rz+3−θ0 δij −
1
2
r3−θ0 σij +
z − 1
a
viAj − z − 1
a
(At + vkAk) δij] .
(4.22)
The current Jµ is obtained as
J0 =
z − 1
16πGa
, J i =
z − 1
16πGa
vi . (4.23)
The expectation value of the dual operator of the dilaton φ is also calculated as
〈Oφ〉 = − 1
16πG
9(z − 1) + (3− θ)θ√
6(3− θ)[3(z − 1)− θ]a
θ
3(3−θ) rz+3−θ0
+
1
16πG
12(z − 1)(6− θ)√
6(3− θ)[3(z − 1)− θ]
1
a
(At + viAi) . (4.24)
We also calculate the entropy current that is given by, [11],
JµS =
√
h
4G
nµ
n0
, (4.25)
where
√
h is the volume form on the time-slice at the horizon and nµ is the normal
vector to the horizon. By using the first order solution (3.24), the entropy current
becomes
J0S =
1
4G
r3−θ0 , (4.26)
J iS =
1
4G
r3−θ0 v
i − 1
8(z − 1)Ga
−
θ
3(3−θ) rz−θ0
(
z∂ir0 +
θ
3(3− θ)
r0
a
∂ia
)
. (4.27)
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5. Hyperscaling-violating Lifshitz hydrodynamics
5.1 Thermodynamics
In order to consider the relation between the form of the stress-energy tensor (4.13)
and that for fluids, we first calculate the thermodynamic functions. The energy E,
entropy S and charge N in volume V (in the xi directions) of the Lifshitz black hole
geometry are given by10
E = EV = d− 1− θ
16πG
a
θ
(d−1)(d−1−θ) rz+d−1−θ0 V , (5.1)
S = sV =
1
4G
rd−1−θ0 V , (5.2)
N = nV =
z − 1
16πGa
V , (5.3)
where we have also defined E , s and n, which are densities of energy, entropy and
charge. Here we have also taken into account the effect of the coordinate redefinition
(3.10), and hence the energy has an additional factor of a
θ
(d−1)(d−1−θ) .
Now, we consider the first law of thermodynamics;
dE = TdS − PdV + µdN , (5.4)
where the variations with respect to entropy S, volume V and charge N give the
temperature T , pressure P and chemical potential µ, which are calculated as
T =
(
∂E
∂S
)
V,N
=
z + d− 1− θ
4π
a
θ
(d−1)(d−1−θ) rz0 , (5.5)
P = −
(
∂E
∂V
)
S,N
=
1
16πG
(
z − θ
d− 1
)
a
θ
(d−1)(d−1−θ) rz+d−1−θ0 , (5.6)
µ =
(
∂E
∂N
)
S,V
= − θ
(d− 1)(z − 1)a
1+ θ
(d−1)(d−1−θ) rz+d−1−θ0 . (5.7)
For d = 4, the energy density, pressure, entropy density, charge density and chemical
potential are given by
E = 3− θ
16πG
a
θ
3(3−θ) rz+3−θ0 , P =
1
16πG
(
z − θ
d− 1
)
a
θ
3(3−θ) rz+3−θ0 ,
s =
1
4G
r3−θ0 , n =
z − 1
16πG
a−1 ,
µ = − θ
3(z − 1)a
1+ θ
3(3−θ) rz+3−θ0 . (5.8)
Note that at θ = 0, the chemical potential µ vanishes.
10In this subsection we return temporarily to arbitrary dimension, d.
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5.2 Relation to hydrodynamics in Newton-Cartan theory
In this section we will rewrite the boundary stress tensor in terms of the Newton-
Cartan geometry data along the lines of [52]-[54] following the detailed formalism of
[1].
In the Newton-Cartan theory, (that is explained in more detail in appendix B),
the spacelike vielbein and inverse timelike vielbein e¯aµ and v¯
µ, transform under the
Milne boost. In this paper, v¯µ and e¯aµ indicate the vielbeins in an arbitrary (Milne)
frame.
There is a special frame, the “holographic frame,” introduced in [1], where the
vielbeins are given by
v¯µ = vˆµ , e¯aµ = eˆ
a
µ . (5.9)
where vˆµ and eˆaµ are defined on the gravity side, in (4.6), and vˆ
µ always satisfies in
any frame
vˆµ = uµ ≡ (1, ~v) , (5.10)
where uµ is the fluid velocity. The timelike vielbein and inverse spacelike vielbein do
not transform under the Milne boost and hence are simply referred to as τµ and e
µ
a ,
respectively.
The renormalized boundary stress-energy tensor, which we have calculated in
the previous section, can be expressed in the following form;
T˜ µν = −E vˆµτν + (P − nµ)hˆµν − κτνhµρ∂ρT − ησabeµa eˆbν + nvˆµAν − nvˆρAρδµν ,
(5.11)
where the spatial metric is defined in terms of the vielbeins eµa and eˆ
a
µ;
hµν = eµae
ν
a , hˆ
µ
ν = e
µ
a eˆ
a
ν . (5.12)
The energy density E , pressure P , particle number density n and chemical potential µ
are given by (5.8). The transport coefficients like heat conductivity κ, shear viscosity
η and bulk viscosity ζ are also read off (in d = 4) as
κ =
1
8(z − 1)Ga
−
θ
3(3−θ) rz+1−θ0 , η =
1
16πG
r3−θ0 , ζ = 0 , (5.13)
where the bulk viscosity ζ is the coefficient of the expansion ∂iv
i in the stress-energy
tensor (5.11). Hence, ζ = 0 can be deduced from the absence of ∂iv
i in (5.11). The
stress-energy tensor can also be expressed in terms of the energy flow E˜µ, momentum
density P˜µ, stress tensor T˜ µν and current Jµ, which are defined by
E˜µ = −T˜ µ0 ν vˆν (5.14)
P˜ν = T˜ µ0 ρτµhˆρν (5.15)
T˜ µν = T˜ ρ0 σhˆµρhˆσν (5.16)
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where
T˜ µ0 ν = T˜
µ
ν + nµhˆ
µ
ν − JµAν + JρAρδµν . (5.17)
Then, T˜ µν is written as
T˜ µν = −E˜µτν + vˆµP˜ν + T˜ µν − nµhˆµν + JµAν − JρAρδµν . (5.18)
Comparing (5.18) with (5.11), we obtain
E˜µ = E vˆµ − κhµρ∂ρT (5.19)
P˜ν = 0 (5.20)
T˜ µν = P hˆµν − ησabeµa eˆbν (5.21)
Jµ = nvˆµ (5.22)
The above stress-energy tensor can be identified with that in the Newton-Cartan
theory11.
In the Newton-Cartan theory, the geometry is described by the timelike vielbein
τµ, spatial (inverse) metric h
µν , timelike inverse vielbein v¯µ and gauge field Bµ. Here,
the spacelike vielbein, its inverse and spatial metric with lower indices are denoted
as e¯aµ, e
µ
a and h¯µν . The energy current Eµ, stress tensor Tµν , momentum density Pµ
and mass current J µ are the conserved quantities associated to τµ, hµν , v¯µ and Bµ,
respectively. For a generic fluid in Eckart frame, they are given by [65]
Eµ = Euµ + 1
2
ρu2uµ − κhµν∂νT + hµρuσTρσ , (5.23)
Pµ = ρuµ , (5.24)
Tµν = P h¯µν + ρuµuν − ησρσP¯ ρµP¯ σν − ζϑh¯µν , (5.25)
J µ = ρuµ , (5.26)
where
P¯ µν ≡ eµa e¯aν , ϑ ≡ ∂ivi (5.27)
P¯ µν is the projector to the spatial directions and ϑ is the expansion of the fluid.
The fluid velocity uµ satisfies the normalization condition τµu
µ = 1 and is given
by uµ = (1, ui) for τ = dt.
In the Newton-Cartan theory, the generic stress-energy tensor (not only for the
fluid above) is defined from the energy current Eµ, stress tensor Tµν , and momentum
density Pµ as12
T¯ µν = −Eµτν + v¯µPν + hµρTρν . (5.28)
11There can be ambiguities in the definition of the stress tensor. In relativistic CFTs they are
known to affect higher-order transport coefficients, [70]. In non-relativistic scaling theories the
situation is even more sensitive as they affect even the ideal hydrodynamics equations as we will
see further. Moreover, as we discuss in section 6, they also affect the bulk viscosity.
12We always denote stress-energy tensors by the letter T and their spatial projection (the stress
tensor) by the letter T .
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The Newton-Cartan theory has a symmetry which is known as Milne boost;13
v¯µ → v¯′µ = v¯µ + hµνVν , (5.29)
B → B′ = B + P¯ νµVνdxµ −
1
2
hµνVµVντρdx
ρ . (5.30)
and we can introduce the Milne boost invariant combination for the gauge field 1-
form as [65, 54]
B̂ = B + uµdx
µ − 1
2
u2τρdx
ρ , (5.31)
where
uµ = h¯µνu
ν , u2 = h¯µνu
µuν . (5.32)
We also define a Milne boost invariant stress-energy tensor as
T µν = T¯
µ
ν + J µBν − J µB̂ν = T¯ µν −J µ
(
uν − 1
2
τνu
2
)
. (5.33)
We choose v¯µ = uµ and we have
uµ = h¯µνu
ν = h¯µν v¯
µ = 0 , (5.34)
u2 = h¯µνu
µuν = 0 , (5.35)
and then, (5.31) and (5.33) give
B = B̂ , T µν = T¯
µ
ν . (5.36)
Therefore, the Milne boost invariants B̂ and T µν are the same as B and T¯
µ
ν in the
v¯µ = uµ frame.
We further define the Milne boost invariants for the energy flow Êµ, momentum
density P̂µ, stress tensor T̂ µν from the Milne boost-invariant stress-energy tensor
T µν as
Êµ = −T µνuν , (5.37)
P̂ν = T µρτµP¯ ρν , (5.38)
T̂ µν = T ρσP¯ µρ P¯ σν , (5.39)
and then, T µν is written as
T µν ≡ −Êµτν + uµP̂ν + T̂ µν . (5.40)
13When the geometry is torsion-free then gauge invariance and Milne boost invariance can be
simultaneously present. However in more general cases they are incompatible, [52]-[54]. In the case
described in this paper the geometry is torsion-free.
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From (5.23)-(5.25), (5.28), (5.33) and (5.40), the Milne boost invariants are expressed
as
Êµ = Euµ − κhµν∂νT , (5.41)
P̂µ = 0 , (5.42)
T̂µν = P h¯µν − ησρσP¯ ρµP¯ σν − ζθh¯µν , (5.43)
and here h¯µν and P¯ µν are given by those in v¯
µ = uµ frame. Then, (5.23)-(5.25)
take the same form to (5.41)-(5.43), respectively, for vi = ui and ζ = 0. Therefore,
we identify the energy flow E˜µ, momentum density P˜µ and stress tensor T˜ µν , which
are calculated from the black hole geometry in the previous section, with the Milne
boost-invariants Êµ, P̂µ and T̂ µν , respectively. We also identify the gauge field Aµ,
which originates in the constant mode of the bulk gauge field Aµ, with the Milne
boost-invariant combination B̂µ as
Aµ = mB̂µ − µτµ , (5.44)
where m is the coupling constant for the gauge field Bµ, which is equivalently in the
non-relativistic language the mass per particle. Then, the mass current J µ is related
to the particle number current Jµ as
J µ = mJµ . (5.45)
It is then straightforward to verify that the stress-energy tensor T˜ µν , which we cal-
culated from the black hole geometry, is related to the Milne boost-invariant stress-
energy tensor T µν in the Newton-Cartan theory as
T˜ µν = T
µ
ν + J µB̂ν − J ρB̂ρδµν . (5.46)
The conservation law for these Milne boost-invariants is given by [66]
DµÊµ = vˆµĤµνJ ν − 1
2
(hµρDρvˆ
ν + hνρDρvˆ
µ) T̂µν , (5.47)
hρµhσνDρT̂µν = hσν
[
vˆµDνP̂µ −Dµ
(
vˆµP̂ν
)
+ ĤµνJ µ
]
, (5.48)
where Ĥ = dB̂. The covariant derivative Dµ is defined as usual in the Newton-Cartan
geometry (see appendix B).
In terms of the Milne boost invariant stress-energy tensor, the conservation law
can be expressed as
DµT
µ
ν = J
µFµν = J µĤµν , (5.49)
since P̂µ = 0. More details are given in Appendix B.
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The renormalized stress-energy tensor T˜ µν satisfies the conservation equations
which are equivalent to (5.47) and (5.48). These equations come from the following
components of the bulk equations of motion;
nµγνρRµν = 8πGn
µγνρT (bulk)µν , (5.50)
nν∇µ(eλφF µν) = 0, (5.51)
where nµ and γµν are the normal vector and the induced metric on the boundary,
respectively. In order to derive the conservation equations for the first order fluids,
we have to calculate the constraint equations (5.50), (5.51) to second order in the
derivative expansion. The correction terms at each order do not contribute to the
constraint equations at that same order, and hence, we do not need to solve the
differential equation for the correction terms to second order.
The constraint equations (5.50), (5.51) can be expressed in terms of the fluid
variables E , P , n and vi defined in (5.23)-(5.26) as
0 = ∂tE + vi∂iE + (E + P )∂ivi
− 1
2
ησijσij − ∂i(κ∂iT ) , (5.52)
0 = ∂iP − n∂iµ+ nFti + nvjFji − ∂j (ησij) , (5.53)
0 = ∂tn + ∂j(nv
j) . (5.54)
Note that the main difference in these equations for the hyperscaling violating case
studied here and the case with θ = 0 studied in [1] is the appearance of the term
n∂iµ in the Navier-Stokes-like equation (5.53). Here we have a chemical potential
in the absence of an external Newtonian potential and this is due to hyperscaling
violation.
The fluid equations (5.52)-(5.54) are equations for energy density E , pressure
P , velocity field vi, particle number density n and temperature T . There are also
constituent relations between these variables. In particular, the temperature and
energy density are related to each other, and hence are not independent. For the
fluid dual to the Lifshitz geometry, the energy density is constrained first by the
Lifshitz Ward identity with hyperscaling violation. This is given by(
z − θ
d− 1
)
E = (d− 1− θ)P . (5.55)
The transport coefficients η and κ are not constant but depend on the temper-
ature, and also on the particle number density in this case, as in (5.13). By using
(5.31) and (5.44), the gauge field A is rewritten in terms of the velocity field vi and
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the external gauge field of B;
A = m
(
B + uµdx
µ − 1
2
u2τρdx
ρ
)
− µτ
= m
(
B + vidxi − 1
2
~v2dt
)
− µdt. (5.56)
Therefore, we have 5 equations for 5 independent variables E , vi and n.
We also have external sources in the hydrodynamic equations: one is of course
the space metric that is flat here (but in subsequent sections this will change). The
other is the external gauge field Bµ that couples to the U(1) current. In ordinary
non-relativistic hydrodynamics, Bt would be the ordinary Newtonian potential that
couples to mass [52, 53, 54, 1].
5.3 The entropy current
The entropy current (4.25) can be expressed as
JµS = svˆ
µ − κ
T
hµρ∂ρT (5.57)
where the entropy density s is given by
s =
1
4G
r3−θ0 . (5.58)
The entropy current satisfies the following relation with the (internal) energy density
Ê and pressure P ;
TJµS = Êµ + P vˆµ − µJµ = −T µν vˆν + (P − µn)vˆµ . (5.59)
It also satisfies the second law. By using (5.52), the divergence of JµS is expressed as
∂µJ
µ
S =
1
2
η
T
σijσij +
κ
T 2
(∂iT )
2 , (5.60)
which is manifestly non-negative. Therefore, the entropy current satisfies the second
law. The entropy density s = J0S is such that the KSS bound, [64], is saturated;
η
s
=
1
4π
. (5.61)
6. The relation to dimensional reduction
In the previous section, we studied the fluids in the field theory dual of the Lif-
shitz space-time with hyperscaling-violation. We found that the fluid has zero bulk
viscosity ζ = 0.
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It is known that the Lifshitz space-time with hyperscaling-violation can be ob-
tained by the dimensional reduction from the higher-dimensional Lifshitz space-time
without hyperscaling-violation, [18]. As discussed in [1], the fluid for the Lifshitz
space-time without hyperscaling-violation also has zero bulk viscosity. Upon com-
pactification, this Lifshitz geometry with flat internal space and constant radius,
becomes the lower dimensional geometry with hyperscaling violation. In such a case
it was shown, [67, 68], that the bulk viscosity becomes non-zero after dimensional
reduction.
In this section, we will first derive the general fluid equations in the higher-
dimensional theory by allowing also the internal volume to be an additional thermo-
dynamic variable. Then we will reduce to the lower dimension. We will show that the
appropriate reduction that corresponds to the thermodynamic ansatz in the lower
dimension is compatible with our four-dimensional results of the previous section.
We first consider the following theory, which is the Einstein gravity with the
Maxwell field and a single scalar field;
S =
1
16πG
∫
dD+1x
√−gD
(
R − 2Λ− 1
2
(∂φ1)
2 − 1
4
eλ˜φ1F 2
)
, (6.1)
where D = d− θ, and we assumed that θ is a negative integer at this moment. This
model has the Lifshitz space-time without hyperscaling-violation as a solution;
ds2D = −r2zdt2 +
dr2
r2
+
d−θ−1∑
i=1
r2(dxi)2, (6.2)
with the following gauge field and dilaton;
At = a
√
µ rz+d−θ−1 , eλ˜φ1 = a−2r−2(d−θ−1) , (6.3)
where the parameters z, a and µ are related to the parameters of the action (coupling
constants) as
λ˜2 = 2
d− θ − 1
z − 1 , (6.4)
Λ = −(z + d− θ − 1)(z + d− θ − 2)
2
, (6.5)
µ =
2(z − 1)
z + d− θ − 1 . (6.6)
We compactify the (−θ)-dimensional extra dimensions and consider the dimen-
sional reduction to (d+ 1)-dimensional spacetime. The metric is decomposed as
ds2D = e
−ν˜φ2ds2 +
d−θ−1∑
i=d
e−(d−1)ν˜φ2/θ(dxi)2 , (6.7)
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where ds2 is the metric after the dimensional reduction and we compactified xi-
directions with i = d, · · · , d− θ − 1 to circles with period xi ∼ xi + 1. The constant
ν˜ is given by
ν˜2 = − 2θ
(d − 1)(d− θ − 1) . (6.8)
Then, after the dimensional reduction, the action becomes
S =
1
16πG
∫
dd+1x
√−g
(
R − 2Λe−ν˜φ2 − 1
2
(∂φ1)
2 − 1
2
(∂φ2)
2 − 1
4
eλ˜φ1+ν˜φ2F 2
)
,
(6.9)
Now, the geometry has hyperscaling-violation because of the redefinition of the met-
ric, and is given by
ds2 = r−2θ/(d−1)ds˜2 (6.10)
ds˜2 = −r2zdt2 + dr
2
r2
+
d−1∑
i=1
r2(dxi)2. (6.11)
while the additional dilaton field φ2 is
eν˜φ2 = r−2θ/(d−1) . (6.12)
More generally, φ2 also has the constant mode as is φ1 but it is independent from
the gauge field. Then, the solution becomes
ds2 = e2χds˜2 (6.13)
ds˜2 = −r2zdt2 + dr
2
r2
+
d−1∑
i=1
r2(dxi)2, (6.14)
eν˜φ2 = e2χ = e2χ0r−2θ/(d−1) , (6.15)
where χ0 is an arbitrary constant. We define a new parameter b as
χ0 = − θ
(d− 1)(d− 1− θ) log b . (6.16)
In a sense b parametrizes the internal volume.
Now, the model has 2 dilatons instead of one. This solution has an additional
parameter b which is the constant mode of the additional dilaton φ2. The solution
becomes equivalent to that in the previous sections if the dilatons satisfy the following
condition;
λφ =
(
1 +
θ
(d− 1)(d− θ − 1)
)
λ˜φ1 =
(
1 +
(d− 1)(d− θ − 1)
θ
)
ν˜φ2 . (6.17)
In fact the above solution satisfies this condition except for the constant mode b, and
hence, it is equivalent to the solution in the previous sections if
b = a . (6.18)
– 24 –
As already noted, the value of b controls the volume of the internal dimensions. For
the higher-dimensional Lifshitz geometry (6.2), we have
b = 1 , (6.19)
but arbitrary b can be introduced by the redefinition of the coordinates in the extra
dimensions.
The solution which describes the hydrodynamics can be calculated in a similar
fashion to the previous sections. We now specialize to d = 4. The first order solution
of the derivative expansion is obtained as
ds2D = ds˜
2 +
3−θ∑
i=3
e−(d−1)ν˜φ2/θ(dxi)2 , (6.20)
ds2 = r−2θ/(d−1)eνϕ2ds˜2 , (6.21)
ds˜2 = −r2zfdt2 + 2b− θ3(3−θ) rz−1dt dr + r2(dxi − vidt)2
+
2
3− θb
−
θ
3(3−θ) rz∂iv
idt2 − r2F1(r)σij(dxi − vidt)(dxj − vjdt)
− 2θ
3(3− θ)F1(r)
[
∂iv
i − b−1 (∂tb+ vi∂ib)] (−r2zfdt2 + 2b− θ3(3−θ) rz−1dtdr)
+ 2 (F3(r)∂ir0 + F5(r)∂ib) dt(dx
i − vidt) , (6.22)
ϕ2 =
√
− 2θ
3(3− θ)F1(r)
[
∂iv
i − b−1 (∂tb+ vi∂ib)] . (6.23)
where θ must be negative integer for the metric before the dimensional reduction
ds2D. The non-zero components of v
i and Ai are introduced only for i = 1, 2, 3 and
the parameters vi, r0, a, b and Aµ are replaced by functions which depend on xµ
with µ = 0, · · · , 3. We have redefined the coordinates xµ as (3.10) in the previous
section and hence the Hawking temperature is also rescaled as
T =
z + d− 1− θ
4π
e−χ0rz0 =
z + d− 1− θ
4π
b
θ
(d−1)(d−1−θ) rz0 . (6.24)
where we have written this relation in arbitrary dimension. The function F (r) is
given by
F1(r) = b
−
θ
3(3−θ)
∫
dr
r3−θ − r3−θ0
r(rz+3−θ − rz+3−θ0 )
, (6.25)
F2(r) =
(
2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0
) ∫
dr F̂1(r) (6.26)
F3(r) = −2(z − 1)a−1b−
θ
3(3−θ)
∫
dr
r6−z+θ
F2(r) (6.27)
F4(r) =
(
2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0
) ∫
dr F̂2(r) (6.28)
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F5(r) =
∫
dr
r6−z+θ
(
−2(z − 1)a−1b− θ3(3−θ)F4(r) + θ
3(3− θ)b
−1− θ
3(3−θ) r3−θ
)
(6.29)
F̂i(r) =
r7−2θF˜i(r)
(rz+3−θ − rz+3−θ0 )[2(z − 1)rz+3−θ − (z − 5 + θ)rz+3−θ0 ]2
(6.30)
F˜1(r) =
z + 3− θ
2(z − 1) a
rz−θ0
r5−θ
(
2(z − 1)(5− θ)rz+3−θr20 − z(z + 3− θ)r5−θrz0
+ (z − 5 + θ)(z − 2)rz+3−θ0
)
(6.31)
F˜2(r) = − θ
6(3− θ)(z − 1)ab
−1r−θ−5r−2θ0
(
−4(z − 1)2r2θ0 r2z+6 − r2θr2z+60 (z − 5 + θ)2
+ rθ+5(z + 3− θ)2rθ+2z+10 + 4(z − 1)(z − 5 + θ)rθ+z+30 rθ+z+3
)
.
(6.32)
The first order solution of the gauge field is
1√
µ
A = a(x)
[
b
θ
3(3−θ)
(
rz+3−θ − rz+3−θ0 (x)
)− 1
3− θr
3−θ∂iv
i(x)
]
dt
− a(x)r2−θdr +Aµ(x)dxµ + (F2(r)∂ir0 + F4(r)∂ib) (dxi − vidt) , (6.33)
and φ1 has no correction term, while φ2 receives the correction term ϕ2;
φ2 = − θ
(d− 1)ν˜ log r +
2
ν˜
χ0 + ϕ2 . (6.34)
The solution above must satisfy the following constraints;
0 = ∂ta + v
i∂ia− a∂ivi, (6.35)
0 = ∂tr0 + v
i∂ir0 +
1
3− θ r0∂iv
i, (6.36)
0 = Fti + vjFji + z + 3− θ
2(z − 1) ab
θ
3(3−θ) rz+3−θ0
(
z
∂ir0
r0
+
θ
3(3− θ)
∂ib
b
)
(6.37)
The hydrodynamic solution from the dimensional reduction also reproduce the result
in the previous sections, if b = a.
6.1 Higher-dimensional thermodynamics and hydrodynamics
We first consider thermodynamics before the dimensional reduction. ForD-dimensional
space-time with arbitrary D = d− θ, the energy, entropy and charge are given by
ED = EDVD−1 = D − 1
16πG
rz+D−10 VD−1 (6.38)
SD = sVD−1 =
1
4G
rD−10 VD−1 , (6.39)
ND = nVD−1 =
z − 1
16πGa
VD−1 , (6.40)
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where VD−1 is the volume of the (D− 1)-dimensional space. The 1st law of thermo-
dynamics is expressed as
dED = TDdSD − PDdVD−1 + µDdND , (6.41)
and the temperature, pressure and chemical potential are calculated as
TD =
(
∂ED
∂SD
)
VD−1,ND
=
D − 1
4π
rz0 , (6.42)
PD = −
(
∂ED
∂VD−1
)
SD ,ND
=
z
16πG
rz+D−10 , (6.43)
µD =
(
∂ED
∂ND
)
SD,VD−1
= 0 . (6.44)
Here, the temperature TD agrees with that for the local observer
TD =
T√
gtt
, (6.45)
where T is the Hawking temperature of the black hole.
Next, we consider the fluid in D-dimensional space-time with D − 1 = 3 − θ.
The vielbein behaves near the boundary r →∞ as
E0(D) = r
zτD , E
i
(D) = reˆ
i
D , (6.46)
where
τD = e
−χ0dt , (6.47)
eˆiD = e
−χ0
(
dxi − vidt) , (i = 1, 2, 3) (6.48)
eˆiD = e
−
6
θ
χ0dxi . (i = 4, · · · , 3− θ) (6.49)
This implies that the Newton-Cartan data on the boundary is given by
τD = e
−χ0dt , (6.50)
vˆµD = e
χ0(1, vi, 0) , (6.51)
hµνD = diag(0, e
2χ0 , · · · , e2χ0 , e 6θχ0, · · · , e 6θχ0) , (6.52)
The stress-energy tensor on the boundary is calculated from the first order so-
lution for the metric before the dimensional reduction (6.20), in a similar fashion to
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Section 4 as
T˜D
0
0 =
1
8πG
(
−3− θ
2
rz+3−θ0 −
z − 1
a
b
−
θ
3(3−θ) viAi
)
, (6.53)
T˜D
i
0 =
1
8πG
[
−z + 3− θ
2
rz+3−θ0 v
i +
z − 1
a
b−
θ
3(3−θ) viAt + 1
2
r3−θ0 σD
i
jv
j
+
z(z + 3− θ)
4(z − 1) b
−
θ
3(3−θ) r2z−θ0
(
∂ir0 − θ
3(3− θ)z
r0
b
∂ib
)]
, (6.54)
T˜D
0
i =
1
8πG
z − 1
a
b
−
θ
3(3−θ)Ai , (6.55)
T˜D
i
j =
1
8πG
{
z
2
rz+3−θ0 δij −
1
2
r3−θ0 σD
i
j +
z − 1
a
b
−
θ
3(3−θ)
[
viAj − δij
(At + vkAk)]} ,
(6.56)
where the shear tensor is given by
σD
i
j = b
−
θ
3(3−θ)
(
∂iv
j + ∂jv
i − 2
3− θδij∂kv
k
)
+
2θ
3(3− θ)b
−
θ
3(3−θ)
−1 (
∂tb+ v
k∂kb
)
δij ,
(6.57)
for i, j = 1, · · · , d− 1.
This stress-energy tensor can be expressed in the context of the Newton-Cartan
theory as
T˜D
µ
ν = EDvˆµDτDν + PDhˆDµν − κDτDνhµρD (∂ρ − Gρ)TD
− ηDσDρσhρµD hˆDσν + nvˆµDAν − nvˆρDAρδµν , (6.58)
where we have defined
Gµ = (∂ντDµ − ∂µτDν) vˆνD . (6.59)
The shear tensor can be expressed in terms of the Newton-Cartan geometry as
σDµν = hˆDρνD̂µvˆ
ρ
D + hˆDρµD̂ν vˆ
ρ
D −
2
3− θ hˆDµνD̂ρvˆ
ρ
D
= £vˆD hˆDµν −
2
3− θ hˆDµνD̂ρvˆ
ρ
D , (6.60)
where D̂µ is the covariant derivative in the Newton-Cartan geometry in the holo-
graphic frame v¯µ = vˆµD, (whose Christoffel symbol is given by (B.6) with v¯
µ = vˆµD,
see Appendix B for more details), and £ is the Lie derivative.
The energy density, pressure, particle number density and the temperature are
given by
ED = 3− θ
16πG
rz+3−θ0 , PD =
z
16πG
rz+3−θ0 , n =
z − 1
16πG
a−1 , TD =
z + 3− θ
4π
rz0 .
(6.61)
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The transport coefficients are read off as
ηD =
1
16πG
r3−θ0 , ζD = 0 , κD =
1
8(z − 1)Gr
z+1−θ
0 . (6.62)
The stress-energy tensor can also be expressed in terms of the energy current,
momentum density, stress tensor and particle number current as
T˜D
µ
ν = −E˜µDτDν + vˆµDP˜Dν + T˜Dµν + JµDAν − JρDAρδµν , (6.63)
where
E˜µD = EDvˆµD − κDhµρD (∂ρ − Gρ) TD , (6.64)
P˜ν = 0 , (6.65)
T˜Dµν = PDhˆDµν − ηDσDρσhDρµhˆDσν , (6.66)
JµD = nvˆ
µ
D . (6.67)
The conservation equations in the Newton-Cartan theory is given by
(D̂µ − Gµ)E˜µD = vˆµD(F τµν E˜νD − FµνJνD)− (D̂µvˆDν)T˜Dµν , (6.68)
hρµD (D̂ν − Gν)T˜Dνµ = hρµD
[
vˆνDD̂µP˜Dν − D̂ν(vˆνDP˜Dµ) + FµνJνD − F τµν E˜νD
]
, (6.69)
0 =
(
D̂µ − Gµ
)
JµD , (6.70)
where
F τµν = ∂µτDν − ∂ντDµ . (6.71)
Then, they can be expressed in terms of the fluid variables as
0 = vˆµD∂µED + (ED + PD)D̂µvˆµD −
1
2
ηDσD
µ
νσD
ν
µ − (D̂µ − 2Gµ) [κDhµρD (∂ρ − Gρ)TD] ,
(6.72)
0 = hρνD ∂νPD − hρνD Gν(ED + PD)− hρµD FµνJνD − hµρD hνσD (D̂σ − Gσ) (ηDσDµν) , (6.73)
0 = D̂µ (nvˆ
µ
D) . (6.74)
It is straightforward to verify that these equations are equivalent to the constraint
equations in the bulk equations of motion.
6.2 Thermodynamics after the dimensional reduction
In this subsection we take the lower dimensional boundary theory to have space
dimension d− 1. For general b, we consider in the following the first law, where the
thermodynamic variables are the entropy S, the (d−1)-dimensional volume14 V and
14Measured in the d-dimensional metric in the Einstein frame.
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the charge N , which is related to the variable a. We have already found that (in
general d)
E = EV = d− 1− θ
16πG
b
θ
(d−1)(d−1−θ) rz+d−1−θ0 V (6.75)
S = sV =
1
4G
rd−1−θ0 V , (6.76)
N = nV =
z − 1
16πGa
V . (6.77)
In general, b is not related to the particle number density n and hence the energy
does not depend on the charge. Then the first law can be written as,
dE = TdS − PdV + µdN , (6.78)
where
T =
(
∂E
∂S
)
V,N
=
z + d− 1− θ
4π
b
θ
(d−1)(d−1−θ) rz0 , (6.79)
P = −
(
∂E
∂V
)
S,N
=
z
16πG
b
θ
(d−1)(d−1−θ) rz+d−1−θ0 , (6.80)
µ =
(
∂E
∂N
)
S,V
= 0 . (6.81)
The black hole solution also has another variable b, which is related to the scalar
source as
φ˜2 = ν˜ log b . (6.82)
Then, by taking into account this scalar source as an additional thermodynamic
variable, the first law of thermodynamics may be expressed as
dE = TdS − PdV + µdN + 〈O˜2〉dφ˜2 , (6.83)
where 〈O˜2〉 is the vev of the dual operator to the scalar φ2, which is expressed as
〈O˜2〉 = ν˜
2
b
θ
(d−1)(d−1−θ)
(
d−1∑
µ=0
TD
µ
µ +
d− 1
θ
d−1−θ∑
i=d
TD
i
i
)
= − ν˜
2
E − ν˜ηϑ¯ . (6.84)
We will discuss this operator later.
In the previous section, we obtained the thermodynamics in the lower dimension,
with one less variable. To recover it from the one here we must take a codimension
one section of the thermodynamic variables. As argued already, the correct section
involves taking b = a above. With this constraint, we obtain
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E = EV = d− 1− θ
16πG
a
θ
(d−1)(d−1−θ) rz+d−1−θ0 V (6.85)
S = sV =
1
4G
rd−1−θ0 V , (6.86)
N = nV =
z − 1
16πGa
V , (6.87)
and the first law takes the form
dE = TdS − P˜ dV + µ˜dN . (6.88)
The temperature, pressure and chemical potential are now given by
T =
(
∂E
∂S
)
V,N
=
z + d− 1− θ
4π
a
θ
(d−1)(d−1−θ) rz0 , (6.89)
P˜ = −
(
∂E
∂V
)
S,N
=
1
16πG
(
z − θ
d− 1
)
a
θ
(d−1)(d−1−θ) rz+d−1−θ0 , (6.90)
µ˜ =
(
∂E
∂N
)
S,V
= − θ
(d − 1)(z − 1)a
1+ θ
(d−1)(d−1−θ) rz+d−1−θ0 . (6.91)
Note that these are exactly the thermodynamic quantities and the first law we
obtained in the previous section (for d = 4).
The Ward identity for the scaling symmetry is simply expressed as(
z − θ
d− 1
)
E = (d− 1− θ)P . (6.92)
6.3 Hydrodynamics after the dimensional reduction
We now set back d = 4. The stress-energy tensor and the fluid equations in lower
dimensional theory can be calculated straightforwardly. The stress-energy tensor is
obtained as
T˜ 00 =
1
8πG
(
−3− θ
2
b
θ
3(3−θ) rz+3−θ0 −
z − 1
a
viAi
)
, (6.93)
T˜ i0 =
1
8πG
[
−z + 3− θ
2
b
θ
3(3−θ) rz+3−θ0 v
i +
z − 1
a
viAt + 1
2
r3−θ0 σijv
j
− θ
3(3− θ)r
3−θ
0
[
∂jv
j − b−1 (∂tb+ vj∂jb)] vi
+
z(z + 3− θ)
4(z − 1) r
2z−θ
0
(
∂ir0 − θ
3(3− θ)z
r0
b
∂ib
)]
, (6.94)
T˜ 0i =
1
8πG
z − 1
a
Ai , (6.95)
T˜ ij =
1
8πG
{
z
2
b
θ
3(3−θ) rz+3−θ0 δij −
1
2
r3−θ0 σij +
z − 1
a
viAj − δij
(At + vkAk)
+
θ
3(3− θ)r
3−θ
0
[
∂iv
i − b−1 (∂tb+ vi∂ib)]} , (6.96)
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and the expectation values of the dual operators of the dilatons φ1 and φ2 are calcu-
lated as
〈O1〉 = −
√
(z − 1)(3− θ)
16πG
[
1
2
b
θ
3(3−θ) rz+3−θ0 −
2
√
2
a
(At + viAi)
]
. (6.97)
〈O2〉 = − 1
16πG
{√ −θ
6(3− θ)
[
(z + 2− θ)b θ3(3−θ) rz+3−θ0 −
2(z − 1)
a
(At + viAi)]
+
√
− 2θ
3(3− θ) r
3−θ
0
[
∂iv
i − b−1(∂tb+ vi∂ib)
]}
. (6.98)
For b = a, the results above agree with those in Section 4.
The stress-energy tensor after the dimensional reduction T˜ µν can be expressed
in terms of the fluid variables as
T˜ µν = E vˆµτν + P hˆµν − κτνhµρ∂ρT − ησabeµa eˆbν
− ζϑ¯ eµa eˆaν + nvˆµAν − nvˆρAρδµν , (6.99)
where ϑ¯ is defined by
ϑ¯ = ∂iv
i − b−1 (∂tb+ vi∂ib) . (6.100)
If b = 1, this term gives the expansion term ∂iv
i. The energy density E , pressure P ,
particle number density n are the same as those in Section 6.2;
E = 3− θ
16πG
b
θ
3(3−θ) rz+3−θ0 , P =
z
16πG
b
θ
3(3−θ) rz+3−θ0 , n =
z − 1
16πG
a−1 . (6.101)
The transport coefficients, heat conductivity κ and shear viscosity η are also read off
as
κ =
1
8(z − 1)Gb
−
θ
3(3−θ) rz+1−θ0 , η =
1
16πG
r3−θ0 . (6.102)
For b = a, ϑ¯ vanishes but it does not mean that the fluid is incompressible, since
ϑ¯ is not only the expansion but has extra terms. The expansion is non-zero but
cancels with the extra terms, and hence, this implies that the bulk viscosity vanishes
in the lower dimension. For the dimensional reduction with b = 1 as in (6.2), ϑ¯
simply gives the expansion and hence the bulk viscosity ζ in that case is
ζ = − 1
8πG
θ
3(3− θ)r
3−θ
0 . (6.103)
It should be noted that θ is negative for the dimensional reduction and hence ζ is
positive.
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The constraint equations can be written in terms of the fluid variables as
0 = ∂tE + vi∂iE + (E + P )∂ivi
− 1
2
ησijσij − ζϑ¯∂ivi − ∂i(κ∂iT )− ν˜ 〈O˜2〉b−1
(
∂tb+ v
i∂ib
)
, (6.104)
0 = ∂iP + J
µFµi − ∂j (ησij)− ∂i
(
ζϑ¯
)
+ ν˜ 〈O˜2〉b−1∂ib , (6.105)
0 = ∂tn+ ∂j(nv
j) , (6.106)
where O˜2 is the dual of the dilaton φ2 but without the contribution from the counter
term A2;
〈O˜2〉 = − 1
16πG
√
−2θ
3(3− θ)
{
3− θ
2
b
θ
3(3−θ) rz+3−θ0 + r
3−θ
0
[
∂iv
i − b−1(∂tb+ vi∂ib)
]}
.
(6.107)
This expression is consistent to the dimensional reduction from the higher dimen-
sional fluid;
〈O˜2〉 = ν˜
2
b
θ
3(3−θ)
(
3∑
µ=0
TD
µ
µ +
3
θ
3−θ∑
i=4
TD
i
i
)
= − ν˜
2
E − ν˜ηϑ¯ , (6.108)
where TD
µ
ν is the stress-energy tensor of the fluid before the dimensional reduction.
Thus, 〈O˜2〉 is related to the other fluid variables if the fluid is obtained by the
dimensional reduction. It should be noted that the constant mode of φ2 is given
by ν˜ log b, and hence,the contribution from O˜2 is interpreted as the coupling to the
external source of φ2. Contrary to the single dilaton case in the previous sections, the
variable b is independent from the fluid variables and is interpreted as an external
field. The transport coefficients also depend on temperature and external field b, but
are independent of the particle number density.
The energy E , stress tensor T̂ ij and scalar operator O˜2 satisfy the following
condition;
0 = −
(
z − θ
d− 1
)
E +
(
1− θ
d− 1
)
T̂ ii − (d− 1− θ)ν˜〈O˜2〉 (6.109)
where the trace of the Milne invariant stress tensor is given by
T̂ ii = (d− 1)
(
P − ζϑ¯) . (6.110)
The above condition is nothing but the Ward identity of the Lifshitz scaling symmetry
with the hyperscaling-violation. The coefficients of E , P and ν˜〈O˜2〉 equal to the
scaling dimensions of t, xi and b with appropriate signs, respectively.
If the fluid satisfies the condition ϑ¯ = 0, the fluid equations (6.104) and (6.105)
can be rewritten as
0 = ∂tE + vi∂iE + (E + P˜ )∂ivi − 1
2
ησijσij − ∂i(κ∂iT ) , (6.111)
0 = ∂iP˜ − n˜∂iµ˜+ JµFµi − ∂j (ησij) , (6.112)
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where
P˜ = P + µ˜n˜ =
1
16πG
(
z − θ
d− 1
)
b
θ
(d−1)(d−1−θ) rz+d−1−θ0 , (6.113)
n˜ =
(z − 1)
16πGb
, (6.114)
µ˜ = −n˜−1ν˜〈O˜2〉 = − θ
(d − 1)(z − 1)b
1+ θ
(d−1)(d−1−θ) rz+d−1−θ0 . (6.115)
The Ward identity of the Lifshitz scaling symmetry can also be expressed in terms
of P˜ as (
z − θ
d− 1
)
E = (d− 1− θ)P˜ . (6.116)
For b = a, these equations agree with those in the previous section. The above effec-
tive pressure (6.113) and chemical potential (6.115) agree with those in the thermo-
dynamic relation (6.90) and (6.91), respectively. Then, the thermodynamic relations,
fluid equations and Ward identity, as well as the stress-energy tensor reproduce the
result in the previous section.
The result in this section is a generalization of [67] to non-relativistic and z 6= 1
cases. The contributions from the gauge field and φ1 vanish for z = 1 limit in which
the Lifshitz black hole geometry becomes the Schwarzschild-AdS. The hydrodynamic
ansatz should be given by using the Lorentz boost for z = 1, and hence the fluid
will be relativistic. The results in this section are not well defined in z = 1 limit,
since the ansatz is obtained by using the the Galilean boost. The non-relativistic
fluid which is obtained in this section agrees with the non-relativistic limit of [67] for
z = 1.
7. Lifshitz hydrodynamics on a conformally flat background
We have introduced the redefinition of the boundary coordinate before replacing the
parameters by slowly varying functions. This coordinate redefinition is introduced
to make a flat space background on the boundary. Here, we show that the naive
hydrodynamic ansatz without such a coordinate redefinition gives fluids on a non-
trivial but conformally flat background.
It can be calculated straightforwardly in a similar fashion to Section 3 but with-
out introducing the coordinate redefinition (3.10). Then, the first order constraint
equations, which are equivalent to the fluid equations in the perfect fluid limit, are
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obtained as
0 = ∂ta+ v
i∂ia− a
(
1− θ
3
)
∂iv
i, (7.1)
0 = ∂tr0 + v
i∂ir0 +
1
3
r0∂iv
i, (7.2)
0 = Fti + vjFji + z(z + 3− θ)
2(z − 1) ar
z+2−θ
0 ∂ir0 . (7.3)
These equations are different from (3.36)-(3.38), and as we will explain below, the
difference can be interpreted as the effect of the non-trivial background geometry at
the boundary. It is natural to expect that fluid variables as energy density, pressure
and particle number density are not affected by the background geometry. In fact,
we can calculate the stress-energy tensor straightforwardly and they are read off as
E = 3− θ
16πG
a
θ
3(3−θ) rz+3−θ0 , P =
1
16πG
(
z − θ
d− 1
)
a
θ
3(3−θ) rz+3−θ0 ,
n =
z − 1
8πG
a−1 , µ = − θ
3(z − 1)a
1+ θ
3(3−θ) rz+3−θ0 . (7.4)
which are the same as in (5.8).
In order to consider the fluid mechanics in the non-trivial background, we first
introduce the fluid velocity field uµ which is normalized as
1 = τµu
µ (7.5)
where the timelike vielbein is given by
τ = eχ0dt , (7.6)
eχ0 = a−
θ
3(3−θ) (7.7)
and hence the normalized velocity field uµ is
ut = e−χ0 , ui = e−χ0vi . (7.8)
The constraint equations (7.1)-(7.3) can be expressed as
0 = uµ∂µE + (E + P )Dµuµ , (7.9)
0 = ∂iP − n∂iµ+ (E + P )∂iχ0 + JµFµi , (7.10)
0 = DµJ
µ , (7.11)
where the particle number current Jµ is defined by
Jµ = nuµ . (7.12)
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Eq. (7.9)-(7.11) are nothing but the fluid equations in the perfect fluid limit in
Newton-Cartan theory, and the generalization to the first order fluid is straightfor-
ward.
The first order stress-energy tensor is obtained in the following form;
T̂ µν = Euµτν + (P − nµ) hˆµν − κ˜τνhµρ∂ρT − η˜σabeµa eˆbν + nuµAν − nuρAρδµν ,
(7.13)
where the transport coefficients are given by
κ˜ =
1
8(z − 1)Gr
z+1−θ
0 , η˜ =
1
16πG
a
θ
3(3−θ) r3−θ0 , ζ = 0 . (7.14)
The bulk viscosity is zero as for the flat background (5.13). The difference of heat
conductivity would come from the difference of the temperature. In this case, the
Hawking temperature is simply given by (2.22) on the contrary to that in Section 3
where the temperature is rescaled due to the coordinate transformation. In the
curved background, this should be expressed in terms of the local temperature TT =
e−χ0T as
κ˜∂µT = κ (∂µ − Gµ) TT , (7.15)
and then, the heat conductivity is same as (5.13);
κ =
1
8(z − 1)Ga
−
θ
3(3−θ) rz+1−θ0 , (7.16)
The difference of the shear viscosity implies that the shear tensor must be written
in terms of the normalized velocity field uµ;
σˆµν = hˆρνDµu
ρ + hˆρµDνu
ρ − 2
3
hˆµνDρu
ρ . (7.17)
Then, the shear can be written as
η˜σabe
µ
a eˆ
b
ν = ησˆρσh
µρhσν . (7.18)
Then, the shear viscosity η equals to (5.13);
η =
1
16πG
r3−θ0 . (7.19)
7.1 Dimensional reduction for conformally flat background
We can also consider the naive hydrodynamic ansatz for the dimensional reduction
from the higher dimensional Lifshitz geometry. In this case, we can see the effects
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of the conformal factor in the metric more explicitly. The perfect fluid limit of the
fluid equations are obtained as
0 = a−1
(
∂ta + v
i∂ia
)
+
θ
3− θb
−1
(
∂tb+ v
i∂ib
) − ∂ivi, (7.20)
0 = r−10
(
∂tr0 + v
i∂ir0
)
+
θ
(3− θ)2 b
−1
(
∂tb+ v
i∂ib
)
+
1
3− θ∂iv
i, (7.21)
0 = Fti + vjFji + z(z + 3− θ)
2(z − 1) ar
z+2−θ
0 ∂ir0 . (7.22)
where b comes from the effects of the non-trivial background;
eχ0 ≡ b− θ3(3−θ) . (7.23)
The fluid variables are the same as in (6.101)
E = 3− θ
16πG
b
θ
3(3−θ) rz+3−θ0 , P =
z
16πG
b
θ
3(3−θ) rz+3−θ0 , n =
z − 1
8πG
a−1 , (7.24)
and the fluid equations can be written in terms of the normalized velocity field uµ
but now χ0 is independent from the particle number density n ∼ 1/a;
0 = uµ∂µE + (E + P )Dµuµ + ν˜O˜2b−1uµ∂µb , (7.25)
0 = ∂iP + (E + P )∂iχ0 + JµFµi − ν˜O˜2b−1∂ib , (7.26)
0 = DµJ
µ . (7.27)
The first order stress-energy tensor is given by
T̂ µν = Euµτν + P hˆµν − κ˜τνhµρ∂ρT − ησˆρσhµρhσν
− ζ
[
∂iv
i − 3
3− θb
−1
(
∂tb+ v
i∂ib
)]
eµa eˆ
a
ν + nu
µAν − nuρAρδµν . (7.28)
In this case, the expansion appears in the combination of
∂iv
i − 3
3− θb
−1
(
∂tb+ v
i∂ib
)
, (7.29)
and it vanishes for b = a by substituting the constraint equation. For b = 1, the
background becomes flat and hence this agrees with (6.99).
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APPENDIX
A. Notations
Variables defined on the bulk (gravity) side
• vi: Boost parameter introduced into the (static) black hole geometry in (3.11).
It becomes the velocity of the fluid.
• Aµ: the constant part of the gauge field, which is defined in (3.16). This
corresponds to the Milne boost-invariant gauge field in the Newton-Cartan
theory B̂, or equivalently, B in the holographic frame v¯µ = vˆµ. In this paper,
it is sometimes expressed as the 1-form A = Aµdxµ.
• τµ: the timelike vielbein on the boundary which is defined up to the factor
of eχrz, and given by (4.3) in r → ∞. This corresponds to the timelike unit
normal which defines the time direction in the Newton-Cartan theory. It is
automatically invariant under the Milne boost.
• eˆaµ: the spacelike vielbein on the boundary which is defined up to the factor of
eχr, and given by (4.3) in r → ∞. This corresponds to the spacelike vielbein
in the Newton-Cartan theory if we take the holographic frame v¯µ = vˆµ.
• vˆµ: the timelike inverse vielbein on the boundary which is defined up to the
factor e−χr−z, and given by (4.6) in r → ∞. This corresponds to the inverse
timelike vielbein in the Newton-Cartan theory if we take the holographic frame
v¯µ = vˆµ, since the holographic frame is defined by v¯µ = vˆµ.
• eµa : the spacelike inverse vielbein on the boundary which is defined up to the
factor of e−χr−1, and given by (4.6) in r → ∞. This corresponds to the
spacelike inverse vielbein in the Newton-Cartan theory. It is automatically
invariant under the Milne boost.
• T˜ µν : the energy-momentum tensor calculated from the black hole geometry
(3.24), which is defined by (4.13)
• E˜µ: the energy current which is calculated from the black hole geometry (3.24).
It is defined by (5.18).
• P˜µ: the momentum density which is calculated from the black hole geometry
(3.24). It is defined by (5.18).
• T˜ µν : the stress tensor which is calculated from the black hole geometry (3.24).
It is defined by (5.18).
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• Jµ: the particle number current which is calculated from the black hole geom-
etry (3.24). It is given by (5.22).
Variables defined in the (boundary) Newton-Cartan theory
The following variables in the Newton-Cartan theory are appears in Section 5. See
Appendix B for more details.
• v¯µ: the timelike inverse vielbein in Newton-Cartan theory. The timelike inverse
vielbein is not invariant under the Milne boost. In the literature it is sometimes
called “velocity” but must be distinguished from the velocity of the fluid.
• hµν : the induced contravariant metric on the time-slice. It is invariant under
the Milne boost.
• h¯µν : the induced covariant metric on the time-slice. It is not invariant under
the Milne boost.
• hˆµν : the induced metric on the time-slice in the holographic frame v¯µ = vˆµ. It
is given by hˆµν = eˆ
µ
a eˆ
ν
a. We also have hˆ
µ
ν = h
µρhˆρν and hˆ
µν = hµρhˆρσh
σν = hµν .
• e¯aµ: the spacelike vielbein. It is given by e¯aµ = diag(0, 1, 1, 1) for a 4-dim space-
time. It satisfies h¯µν = e¯
a
µe¯
a
ν .
• P¯ µν : the projection to the spatial direction, which is defined by eµa e¯aν , and
satisfies P¯ µν = h¯
µ
ν = h
µρh¯ρν .
• uµ: the fluid velocity field, uµ = (1, ~v). It equals to the vielbein vˆµ, in the
holographic frame .
• Bµ: the gauge field in the Newton-Cartan theory. It is not invariant under the
Milne boost.
• Eµ: the energy current in the Newton-Cartan theory. For fluids, it is given by
(5.23).
• Pµ: the momentum density in the Newton-Cartan theory. For fluids, it is given
by (5.24).
• T µν : the generic stress tensor in the Newton-Cartan theory. For fluids, it is
given by (5.25).
• J µ: the mass current in the Newton-Cartan theory. For fluids, it is given by
(5.26).
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• T¯ µν : generic stress-energy tensor which is constructed from Eµ, Pµ and T µν in
(5.28).
• B̂: a Milne boost invariant combination for the gauge field, or equivalently, the
gauge field in the holographic frame v¯µ = vˆµ. It is defined by (5.31).
• Êµ: a Milne boost invariant combination for the energy current. or equivalently,
the energy current in the holographic frame v¯µ = vˆµ. It is defined by (5.40).
• P̂µ: a Milne boost invariant combination for the stress tensor, or equivalently,
the momentum density in the holographic frame v¯µ = vˆµ. It is defined by
(5.40).
• T̂ µν : a Milne boost invariant combination for the stress tensor, or equivalently,
the stress tensor in the holographic frame v¯µ = vˆµ. It is defined by (5.40).
• T µν : a Milne boost invariant combination of the stress-energy tensor, or equiv-
alently the stress-energy tensor in the holographic frame v¯µ = vˆµ. It is defined
by (5.33) and can be decomposed into Êµ, P̂µ and T̂ µν .
B. The Newton-Cartan formalism
Here, we briefly review the Newton-Cartan formalism. The metric on the Galilei
space-time is defined by a 1-form τµ and a contravariant symmetric tensor h
µν . The
time direction of the Galilei space-time is defined by the 1-form τµ. h
µν is the spatial
inverse metric on the time-slice. They satisfy the following orthogonality condition;
τµh
µν = 0 . (B.1)
Next, we introduce the covariant derivative Dµ on the Galilei space-time. We im-
pose the condition that the Galilei data (τµ, h
µν) are constant under the covariant
derivative
Dµτν = 0 , Dρh
µν = 0 . (B.2)
Unlike Einstein gravity, the above conditions do not determine the Galilei connection
uniquely. We further introduce a contravariant vector v¯µ, which satisfies the following
normalization condition;
τµv¯
µ = 1 . (B.3)
The vector v¯µ is the contravariant timelike vielbein. It is sometimes referred to as
the velocity field but is not to be confused with the velocity fluids. We also define
the spatial covariant metric h¯µν by using the following conditions with v¯
µ;
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h¯µν v¯
µ = 0 , h¯µρh
ρν = P¯ νµ = δ
ν
µ − v¯ντµ . (B.4)
We impose the spatial torsion free condition,
h¯σρT
ρ
µν = 0 , T
ρ
µν ≡ Γρµν − Γρνµ . (B.5)
Then, the Newton-Cartan connection is determined up to a 2-form Hµν as
Γρµν = v¯
ρ∂µτν +
1
2
hρσ
(
∂µh¯νσ + ∂ν h¯µσ − ∂σh¯µν
)
+
1
2
hρσ (τµHνσ + τνHµσ) . (B.6)
In general, the Newton-Cartan connection has the torsion;
T ρµν = v¯
ρ (∂µτν − ∂ντµ) . (B.7)
Without the spatial torsion free condition, (B.5), the connection can be more general
[69].
We can also define the Milne boost invariant connection [66, 69]
ΓρB µν = v
ρ
B∂µτν +
1
2
hρσ
(
∂µh
B
νσ + ∂νh
B
µσ − ∂σhBµν
)
. (B.8)
where
vµB = v¯
µ − hµνBν , hBµν = h¯µν + τµBν + τνBµ , (B.9)
and B is related to H in (B.6) by H = dB, which we will discuss, soon. The
connection (B.8) has non-zero spatial torsion;
h¯σρT
ρ
B µν = h¯σρv
ρ
B (∂µτν − ∂ντµ) = −P¯ ρσBρ (∂µτν − ∂ντµ) , (B.10)
or equivalently, (B.8) satisfies the modified spatial torsion free condition, hBσρT
ρ
B µν = 0
instead of (B.5). Here, the spatial torsion free connection (B.6) is sufficient for our
purposes and hence we do not consider other connections as (B.8).
The curvature is defined by using the commutator of the covariant derivative
and given by
Rµνρσ = ∂ρΓµνσ − ∂σΓµνρ + ΓµαρΓανσ − ΓµασΓανρ . (B.11)
For the torsion free case, dτ = 0, the Newtonian condition can be imposed
R[µ(νρ]σ) = 0 , (B.12)
where [· · · ] and (· · · ) in the indices stand for the antisymmetric part and symmetric
part, respectively. The above condition implies that the 2-form Hµν must be closed,
dH = 0 . (B.13)
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Then, H is interpreted as the field strength of a gauge field; H = dB. For the
torsional case, dτ 6= 0, no appropriate generalization of the Newtonian condition is
known. Here, we simply impose the condition H = dB even for dτ 6= 0, as was
proposed in [66].
To summarize, the Newton-Cartan geometry is described by the Newton-Cartan
data, τµ, h
µν , v¯µ and Bµ.
In the Newton-Cartan data, v¯µ and Bµ are introduced to define the Newton-
Cartan connection. Two pairs (v¯µ, Bµ) and (v¯
′µ, B′µ) are equivalent if they give the
same Newton-Cartan connection. The transformation from (v¯µ, Bµ) to (v¯
′µ, B′µ)
gives an internal symmetry of the Newton-Cartan theory. The Newton-Cartan con-
nection is invariant under the following transformation, [69];
v¯µ → v¯′µ = v¯µ + hµνVν , (B.14)
B → B′ = B + P¯ νµVνdxµ −
1
2
hµνVµVντρdx
ρ . (B.15)
This transformation is known as the Milne boost and Vµ is a vector which parametrizes
the Milne boost. It should be noted that the covariant spatial metric h¯µν is defined
in terms of v¯µ and is not invariant under the Milne boost. It transforms as
h¯′µν = h¯µν −
(
τµP¯ν
ρ + τνP¯µ
ρ
)
Vρ + τµτνh
ρσVρVσ . (B.16)
Next, we consider the conservation laws in the Newton-Cartan theory. The
energy current Eµ, momentum density Pµ, stress tensor Tµν and mass current J µ
are given by the variation of the action with respect to the Newton-Cartan data τµ,
hµν , v¯µ and Bµ;
δS =
∫
ddx
√
γ [δτµEµ + δv¯µPµ + δhµνTµν + δBµJ µ] , (B.17)
where the variation δτµ is arbitrary but δv¯
µ and δhµν are only the variations which
satisfy the orthogonality and normalization conditions, (B.1) and (B.3), namely,
δv¯µ = P¯ µν δv¯
ν , etc. Invariance under coordinate transformations gives the following
conservation equations
(Dµ − Gµ) Eµ = v¯µ (HµνJ ν +KµνEν)− 1
2
(hµρDρv¯
ν + hνρDρv¯
µ) Tµν ,
(B.18)
hρµhσµ (Dρ − Gρ) Tµν = hσν [v¯µDνPµ −Dµ (v¯µPν) +HµνJ µ +KµνEµ] , (B.19)
where
Kµν = ∂µτν − ∂ντµ , (B.20)
Gµ = T νµν = −Kµν v¯ν . (B.21)
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Invariance under the U(1) gauge symmetry of the gauge field Bµ gives the conserva-
tion equation of the mass current;
(Dµ − Gµ)J µ = 0 . (B.22)
Invariance under the Milne boost gives the following Ward identity;
Pµ = h¯µνJ ν . (B.23)
The energy flow, momentum density and stress tensor are not invariant under
the Milne boost. The variations transform under the Milne boost as
δv¯′µ = δv¯µ + Vνδh
µν , (B.24)
δB′µ = δBµ −
1
2
hρνVρVνδτµ − τµ
(
Vνδv¯
ν +
1
2
VνVρδh
νρ
)
, (B.25)
where we imposed Vµv¯
µ = 0 since Vµ always appears together with h
µν or P¯ µν . It
should also be noted that the variations in (B.17) are constrained by the orthogonality
(B.1) and normalization (B.3) conditions and hence give additional contributions
proportional to the variation of τµ;
δv¯µ = −v¯µv¯νδτν + P¯ µν δv¯ν , (B.26)
δhµν = − (v¯µhνρ + v¯νhµρ) δτρ + P¯ µρ P¯ νσ δhρσ , (B.27)
where the first terms in these equations are already included in (B.17) but their
transformation under a Milne boost gives additional terms in the Milne transforma-
tion of the energy flow. Then, the transformation of the energy flow, momentum
density and stress tensor are given by
E ′µ = Eµ − hµρhνσTρνVσ − v¯µhνρPνVρ + 1
2
J µhρσVρVσ , (B.28)
P ′µ = Pµ − τµhνρPνVρ − τρJ ρP¯ νµVν + τµτνJ νhρσVρVσ , (B.29)
T ′µν = T µν − (Pµhνρ + Pνhµρ)Vρ + hµρhνσVρVστλJ λ , (B.30)
where the indices are raised or lowered by the spatial metric hµν or h¯µν , respectively,
and the transformation of the stress tensor is given by (B.30) with (B.16). The mass
current is invariant under the Milne boost;
J ′µ = J µ , (B.31)
and in fact, (B.29) is consistent with the Ward identity (B.23) with (B.16) and (B.31).
We now introduce Milne boost invariant combinations. It is straightforward to
see that the following combination is invariant under the Milne boost;
T˜ µν = J µv¯ν + v¯µPν + T µν , (B.32)
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which is an analogue of the stress-energy tensor, but constructed from the mass
current, momentum density and stress tensor. We can also define the stress-energy
tensor from the energy flow, momentum density and stress tensor;
T¯ µν = −Eµτν + v¯µPν + hµρTρν , (B.33)
but this stress-energy tensor is not invariant under the Milne boost and transforms
as
T¯ ′µν = T¯
µ
ν −J µVν + 1
2
J µτνhρσVρVσ . (B.34)
With this stress-energy tensor, a Milne boost invariant combination is given by
T̂ µν = T¯
µ
ν + J µBν . (B.35)
It should be noted that the Milne boost combination T̂ µν is not invariant (or covari-
ant) under the U(1) gauge transformation associated to Bµ.
Now, we consider fluids in the Newton-Cartan theory. We introduce the fluid
velocity field uµ, which is invariant under the Milne boost. For the first order fluid in
the Eckart frame, the energy flow, momentum density, stress tensor and mass current
are given by
Eµ = Euµ + 1
2
ρu2uµ − κhµν∂νT + hµρuσTρσ , (B.36)
Pµ = ρuµ , (B.37)
Tµν = P h¯µν + ρuµuν − ησρσP¯ ρµ P¯ σν − ζθh¯µν , (B.38)
J µ = ρuµ , (B.39)
where the index of the velocity field is lowered by using the spatial metric h¯µν and
u2 is defined as
uµ = h¯µνu
ν , (B.40)
u2 = h¯µνu
µuν . (B.41)
The energy density E , pressure P and mass density ρ are invariant under the Milne
boost. We construct a stress-energy tensor from the above quantities, and then T¯ µν
is obtained as
T¯ µν = −Euµτν − 1
2
ρu2uµ + PP̂ µν + ρu
µuν
− ησρσhµρP̂ σν − ζθP̂ µν + κhµρ (∂ρT ) τν , (B.42)
where
P̂ µν ≡ δµν − uµτν = P¯ µν − hµρuρτν . (B.43)
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We consider the Milne boost invariants in fluid mechanics. We introduce a Milne
boost invariant combination for the gauge field by using uµ;
B̂ = B + uµdx
µ − 1
2
u2τρdx
ρ . (B.44)
Then, the Milne boost invariant combination for the stress-energy tensor T̂ µν is
expressed in terms of the Milne boost invariant gauge field B̂µ as
T̂ µν = T¯
µ
ν + J µBν
= −Euµτν + PP̂ µν + J µB̂ν − ησρσhµρP̂ σν − ζθP̂ µν + κhµρ (∂ρT ) τν . (B.45)
This stress-energy tensor is invariant under the Milne boost, but is not invariant un-
der the U(1) gauge symmetry associated to Bµ. We define the Milne boost invariant
and U(1) gauge invariant stress-energy tensor, T µν from T̂
µ
ν and B̂µ such that
T µν ≡ T̂ µν −J µB̂ν . (B.46)
Then, it is expressed as
T µν = −Euµτν + PP̂ µν − ησρσhµρP̂ σν − ζθP̂ µν + κhµρ (∂ρT ) τν . (B.47)
The Milne boost invariant stress-energy tensor (B.47) can be decomposed into the
Milne boost invariant energy density Êµ, momentum density P̂µ and stress tensor
T̂ µν as
T µν = −Êµτν + uµP̂ν + T̂ µν (B.48)
where
Êµ ≡ −T µνuν = Euµ − κhµν∂νT (B.49)
P̂µ ≡ T ρντρP̂ νµ = 0 , (B.50)
T̂ µν ≡ T ρσP̂ µρP̂ σν = PP̂ µν − ησρσhµρP̂ σν − ζθP̂ µν . (B.51)
By using the relation between T µν and T¯
µ
ν ;
T µν = T¯
µ
ν + J µBν − J µB̂ν = T¯ µν −J µ
(
uν − 1
2
τνu
2
)
, (B.52)
the Milne boost invariant energy flow, momentum density and stress tensor are ex-
pressed as
Êµ = Eµ − T µνuν − v¯µPνuν + 1
2
u2J µ , (B.53)
P̂µ = (Pν − τρJ ρuν) P̂ νµ = 0 (B.54)
T̂ µν = hµρ (Tρσ − ρuρuσ) P̂ σν (B.55)
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where we have used the condition for the Eckart frame (B.39) in the last equality of
(B.54) and in (B.55). The Milne boost invariant energy flow (B.53) is equivalent to
that introduced in [65]
In general, the Milne boost invariant quantities Êµ, P̂µ, T̂ µν and T̂ µν are different
from the physical quantities Eµ, Pµ, T µν and T µν , but they agree if we take a special
frame of the Milne boost transformation by imposing the condition
v¯µ = uµ , (B.56)
and we can take this frame by using the Milne boost with
Vµ = h¯µν (u
ν − v¯ν) = uµ . (B.57)
This also implies that the conservation law for the Milne boost invariant quantities
Êµ, P̂µ and T̂ µν is given by(
D̂µ − Ĝµ
)
Êµ = uµ
(
ĤµνJ ν +Kµν Êν
)
− 1
2
(
hµρD̂ρu
ν + hνρD̂ρu
µ
)
T̂µν ,
(B.58)
hρµhσν
(
D̂ρ − Ĝρ
)
T̂µν = hσν
[
uµD̂νP̂µ − D̂µ
(
uµP̂ν
)
+ ĤµνJ µ +Kµν Êµ
]
, (B.59)
where D̂µ is the covariant derivative in this frame and
Ĝµ = −Kµνuµ . (B.60)
We call this frame the “holographic frame,” since if we consider the holographic
duality for the Lifshitz space-times, the hydrodynamic results are obtained in this
frame.
C. Lifshitz fluid in scalar background
In section 5, we have seen that the Lifshitz black hole geometry corresponds to
fluids with a non-zero chemical potential but without non-trivial scalar background.
On the other hand, the dimensional reduction from the higher dimensional model
in Section 6 gives fluids with zero chemical potential but with non-trivial scalar
background. Here, we show that the results in Section 5 can also be interpreted
as fluids with zero chemical potential but with non-trivial scalar background, even
though the pressure is different from that in first law of thermodynamics.
The stress-energy tensor T˜ µν can be expressed in the following form;
T˜ µν = −E vˆµτν + P hˆµν − κτνhµρ∂ρT − ησabeµa eˆbν + nvˆµAν − nvˆρAρδµν , (C.1)
where the energy density E and particle number density n have the same form (5.8),
but the pressure is now given by
P =
z
16πG
a
θ
3(3−θ) rz+3−θ0 . (C.2)
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The stress-energy tensor T˜ µν is related to that in the Newton-Cartan theory T
µ
ν by
the same equation (5.46), but now the relation between A and B̂ is given by
Aµ = mB̂µ , (C.3)
which implies that µ = 0.
The fluid equations are expressed as
0 = ∂tE + vi∂iE + (E + P )∂ivi
− 1
2
ησijσij − ∂i(κ∂iT ) + cφ 〈O˜φ〉 1
n
(
∂tn + v
i∂in
)
, (C.4)
0 = ∂iP + nFti + nvjFji − ∂j (ησij)− cφ 〈O˜φ〉 1
n
∂in , (C.5)
0 = ∂tn + ∂j(nv
j) , (C.6)
where cφ is the coupling constant between O˜φ and log a, which is given by
cφ = −θ
3
{
9(z − 1) + (3− θ)θ√
6(3− θ)[3(z − 1)− θ]
}
−1
, (C.7)
and the operator O˜φ is the dual of the dilaton φ but we have removed the contribution
form the external gauge field as for the stress-energy tensor;
〈O˜φ〉 = 〈Oφ〉 −
(
λ− 1
2
ν
)
JµAµ . (C.8)
where λ and ν are defined in (2.11) and (2.12) respectively.
The additional term associated to O˜φ can be understood as follows. In terms of
the boundary stress-energy tensor, (C.4) and (C.5) are expressed as
DµT µν = FµνJµ + c¯φ〈O˜φ〉∂νφ0 , (C.9)
where φ0 is the constant mode of the dilaton φ, which is defined in (2.13) and is
interpreted as the source for O˜φ. The coupling constant c¯φ is now redefined as
c¯φ = − (3− θ)θ
9(z − 1) + (3− θ)θ . (C.10)
This additional term implies the presence of an external force whose potential is
proportional to the particle number density. Although, φ0 is interpreted as the
external field, it is related to the particle number density n, or equivalently a, as
seen from (2.13).
For the fluid dual to the Lifshitz geometry, the energy density is constrained first
by the Lifshitz Ward identity with hyperscaling violation. It is given by
−
(
z − θ
3
)
E + (3− θ)P − (3− θ)cφ〈O˜φ〉 = 0 , (C.11)
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where the operator O˜φ and coupling constant cφ are defined by (C.8) and (C.7),
respectively. The coefficients of E , P and cφ〈O˜φ〉 are the scaling dimensions of t, xi
and a with appropriate signs, respectively. (See Appendix D for more details on the
scaling dimensions for the Lifshitz symmetry with hyperscaling-violation.)
The thermodynamics relation given by
TJµS = Êµ + P vˆµ = −T µν vˆν + P vˆµ . (C.12)
This is consistent with µ = 0.
D. Scaling dimensions in fluids
If there is no hyperscaling-violation, the Lifshitz space-time is invariant under the
following scaling transformation;
t→ czt , xi → cxi , r → c−1r . (D.1)
However, in the presence of the hyperscaling-violation, the following metric and gauge
field are not invariant under the above transformation;
ds2 = b−
2θ
(d−1)(d−1−θ) r−2θ/(d−1)
(
−r2zdt2 + dr
2
r2
+
∑
i
r2(dxi)2
)
(D.2)
A = arz+d−1−θdt , (D.3)
but transform as
ds2 → c2θ/(d−1)ds2 , A→ c−(d−1)+θA . (D.4)
where a, b are constant parameters above. However, if we impose the following scaling
behavior to the constant parameters
a→ cd−1−θa , b→ cd−1−θb , (D.5)
then the metric and gauge field are invariant under the scaling transformation. For
the black hole geometry, the horizon radius transforms as
r0 → c−1r0 . (D.6)
Then, the coordinates and the constants have the following scaling dimensions:
[t] = −z , [xi] = −1 , (D.7)
[a] = −(d − 1) + θ , [b] = −(d − 1) + θ , [r0] = 1 . (D.8)
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After the redefinition of the coordinate (3.10), the scaling dimension of the coordi-
nates becomes
[t] = −z + θ
d− 1 , [x
i] = −1 + θ
d− 1 . (D.9)
Then, the scaling dimension of the velocity field should be
[vi] = z − 1 . (D.10)
The constant modes of the gauge field have the following dimensions
[At] = z − θ
d− 1 , [Ai] = 1−
θ
d− 1 . (D.11)
From (5.8) and (3.13), or (6.101) and (6.24), the scaling dimensions of the energy
density, pressure, the particle number density and temperature are given by
[E ] = z + (d− 1)− d
d− 1θ , [P ] = z + (d− 1)−
d
d− 1θ ,
[n] = d− 1− θ , [T ] = z − θ
d− 1 . (D.12)
They satisfies the appropriate relation to the dimension of the coordinates
[E ] = −[t]− (d− 1)[xi] , [n] = −(d − 1)[xi] , [T ] = −[t] , (D.13)
namely, dimensions of the density is minus of dimension of volume, and dimensions
of the energy and temperature are minus of the dimension of time. From the relation
to fluid variables, the scaling dimensions of the transport coefficients are calculated
as
[η] = d− 1− θ , [ζ ] = d− 1− θ , [κ] = z − 1− d− 2
d− 1θ , (D.14)
which are consistent with (5.13). Since the gauge field in the Newton-Cartan theory
[Bt] = 2z − 2 , [Bi] = z − 1 , (D.15)
the scaling dimension of mass m is given by
[m] = −z + 2− θ
d− 1 . (D.16)
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